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Abstract 

It is difficult to find the unknown/unmeasurable parameters of in system and the control parameters of the system 

by experimenting on the real system. The aim of this study is to first find the unknown parameters of the system by 

creating a mathematical model of the system in a simulation environment, and then to obtain the PID control 

parameters in the simulation environment with the found parameters. Thus, to see the conformity of the control of 

the real system to the mathematical model and to show that the unknown parameters can be easily found through 

simulation. In this study, the position control of the inverted pendulum system, which is one of the control system 

examples, was carried out to maintain balance. For position control, a mathematical model of the system was first 

created, then a simulation model was created and experiments were conducted. Experiments were then conducted 

on a real system using the parameters obtained from the system simulation model. In this study, the car to which the 

pendulum was connected was controlled to maintain the inverted pendulum system in balance. In the system, a 

servo motor is used to move the car. The balance position is controlled by moving the car along the horizontal axis. 

An encoder with a full revolution of 4096 pulses was used to obtain the balance position information of the inverted 

pendulum. The sensitivity of the encoder used is approximately 11.37 pulses per degree. The experimental setup of 

the system was created by connecting the rod used as an inverted pendulum to the Encoder. The experimental setup 

was controlled with a program written in PLC (programmable logic controller). The servo motor that moves the car 

to ensure that the inverted pendulum remains in balance is controlled by the driver. The servo motor driver was 

driven by a control signal with ±10 volts sent from the PLC. The servo motor driver is programed to run at ±1000 

rpm in response to this control signal. The unmeasurable parameters of the system were experimentally determined. 

For this purpose, the parameters in the mathematical model were obtained by swarm optimization (PSO) using the 

measurement values obtained by operating the experimental setup as a simple pendulum. A simulation model of the 

system was created using the parameters obtained with PSO and the mathematical model. PID (Proportional 

Integral Derivative) controller was used in the simulation model. The PID parameters required to control the system 

were obtained using particle swarm optimization in the simulation model. The PID parameters obtained using PSO 

were used as the parameters of the PID controller in the real experimental system.  It was observed that the results 

obtained in the simulation system and those obtained in the real system overlapped, and the design of the simulation 

model in this study was successful. 

Keywords: Inverted Pendulum, PID Control, Position Control, PSO, PLC. 

 

Introduction 

In this study, balance control of the inverted pendulum system was performed using a simulation model and 

an experimental set. A PID controller was used as the controller for the systems. Generally, in control 

applications of the inverted pendulum system, the aim is to keep the inverted pendulum in balance with the 

movement of the car. In addition, in some applications, keeping the cart at a certain distance is performed as 

a second control. In this study, it is aimed to remain in the equilibrium position (0 degrees) of the pendulum 

when the equilibrium position of the pendulum is disrupted by a disturbing effect, without being concerned 

with the position of the cart. The real system shown in Figure 1 comprises a cart that can move on the 

horizontal axis and a rod mechanism connected to the cart with an encoder. The movement of the car is 

achieved by converting the circular motion taken from the servo motor into planar motion using a toothed 

chain belt. By operating the servo motor driver in ±10 volt analog input mode, forward and reverse 

movement of the servo motor can be achieved. This analog input signal is the controller signal used to 

control the inverted pendulum. An encoder was used in the system to obtain the position information of the 
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inverted pendulum. The full revolution of the encoder is 4096 pulses, and this value corresponds to 360°. A 

PLC was used as the controller in the system. To find the parameters that cannot be measured in the system, 

free oscillation information of the system was taken from the real system. On the mathematical model of the 

system, the unmeasurable parameters of the system were determined using the Particle Swarm Optimization 

(PSO) algorithm with the free oscillation data from the system to determine the unmeasurable parameters 

(friction and moment of inertia). PID control was used in the simulation model of the system with the friction 

and moment of inertia obtained from the PSO algorithm. The parameters of the PID controller were also 

obtained using the PSO algorithm. matching control results were obtained by running both the simulation 

and the real system with these values.  

There are two balance points in inverted pendulum systems. The first equilibrium point is the position where 

the pendulum is stable at the bottom, which is the simple pendulum position. The second equilibrium point is 

the unstable position, where the pendulum is up vertically in the inverted pendulum position at an angle of 

180° relative to the simple pendulum. 

 

Figure 1. Controlled inverted pendulum system experimental setup 

The first research on pendulum oscillations was conducted by Ibn Yunus in the 10th century [1-2]. Nasir and 

his colleagues applied PID, a classical control method, and sliding mode control, a modern control method, 

to a linear carriage inverted pendulum system and compared the success of these two control methods on the 

balancing problem according to their time characteristics. Based on the simulation results and after assessing 

the control performance of both methods, they found that the sliding mode control performed better than the 

PID method [3]. Kizir focused on both the swing-up and balancing problems of the inverted pendulum and 

applied it to the system in real time using different control methods. He used energy-based and fuzzy logic 

control methods to raise the pendulum, and in each method, he moved the pendulum for 10 seconds. brought 

it to the desired vertical position. To balance the pendulum, PID, full state feedback, and fuzzy logic methods 

were applied to the system. He examined the robustness of each control method and provided both 

simulation and experimental results [4].  Aström et al. examined amplification strategies based on the energy 

control method in inverted pendulum systems and explained the results with simulations for different 

situations [5]. Aracil et al. designed a controller based on the speed guard method for controlling a rotary 

inverted pendulum or furta pendulum system [6]. In current control studies, computer-based simulation and 

implementation programs are used to create a mathematical model of the system to be controlled [7-9] and to 

subject the created model to theoretical fictions. The purpose of automatic control is to provide a stable 

operating environment by maintaining the control variables of the systems at the desired values. The aim of 

automation systems is to prevent possible oscillations and maintain system stability by quickly reacting to 

the effects occurring in the system [10-11]. The PID controller is the most widely used controller type in the 

industry to ensure the stability of the system [12-16]. In this study, the system will first be controlled through 

the simulation model, and then the real system will be controlled using the controller designed with 

simulation. 

Mathematical Model of the Inverted Pendulum System 

The inverted pendulum system consists of a cart and a rod mounted on the cart, as shown in Figure 2. In the 
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figure, u is the control force that allows the cart to move horizontally. Because of this movement, the rod 

(inverted pendulum) on the cart moves, disrupting its equilibrium position. The rod moves in a circular 

motion, with the center of the circle being the rod and the cart‟s attachment point.  

By controlling the movement of the cart with the force 𝒖, it is aimed that the rod stays balanced against 

disturbance, that is, it remains in an upright position in equilibrium. As seen in Figure 2, in the inverted 

pendulum system, a carts weight 𝑴 consists of a pendulum of size 𝒍 and weight 𝒎. The gravity acting on the 

inverted pendulum is denoted 𝒈. The moment of inertia of the inverted pendulum is denoted by 𝑱. Since there 

is very little friction between the inverted pendulum and the car, it is assumed to be zero. 𝑯 and 𝑽 are shown 

as the horizontal and vertical components of the forces acting on the cart and the inverted pendulum. The 

parameters of the inverted pendulum system are listed in Table 1. 

(a) (b)       (c) 

Figure 2. Forces acting on the inverted pendulum and the car. (a) Forces acting on the cart and the inverted 

pendulum. (b) Forces acting on the inverted pendulum. (c) Position of the inverted pendulum as a result of 

the cart moving forward x(t). 

 

Table 1. Parameters of the inverted pendulum experimental setup 

Model Parameters Symbol  Value Unit 

Cart weight M 1.9 kg 

Pendulum weight m 0.122 kg 

Pendulum length l 0.39 m 

Gravitational acceleration g 9.80 m/s² 

System impact force u - N 

Pendulum angle θ - rad 

Horizontal force acting on the pendulum H - N 

Vertical force acting on the pendulum V - N 

Direction of movement of the car M - m 

If an object of weight 𝒎 moves with acceleration  , the resulting force is generally written as given in 

Equation 1, using Newton‟s second law of motion. 

F = ma 

Equation 1 

In Equation 2, 𝒖 is written as the force applied to the cart and on its horizontal axis. In Figure 2, when the 

cart of weight 𝑴 moves in the x-direction, the horizontal forces that occur in the system are given by 

Equation 2.  
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Equation 2 

In Figure 2b, the new horizontal position of the pendulum because of the   movement of the cart will be 

          . Therefore, the forces of the inverted pendulum with weight 𝒎 on the horizontal axis are 

written as in Equation 3 using Newton‟s second law of motion. 

 
  

   
     .         

Equation 3 

In Figure 2b, the new vertical position of the pendulum because of the   movement of the cart will be    
       . Vertical forces acting on the inverted pendulum system are given by Equation 4. 

 
  

   
     .            

Equation 4 

If Equation 4 is arranged, the result is Equation 5. 

 
  

   
    .            

Equation 5 

In Equation 6, the moment of inertia of the inverted pendulum is given in Figure 2 (b). Moment of inertia or 

the moment of inertia that opposes the rotation of the inverted pendulum, 

 
   

   
   .         .       

Equation 6 

For a small value of   in Equation 6, if Cos θ ≈ 1 and          are accepted, the linearized inertia equation 

of the system is given in Equation 7. 

 
   

   
  .  .    .   

Equation 7 

If the same assumption is made for the small value of θ in Equation 3, the result is given by Equation 8. 

 
  

   
     .      

Equation 8 

If the same assumption is made for the small value of θ in Equation 5, it becomes Equation 9. 

 
  

   
           

     

Equation 9 

If Equations 8 and 9 are replaced in Equation 7, the result is Equation 10. 
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Equation 10 

If Equation 10 is written, it regularly becomes Equation 11. 

        
   

   
   

   

   
        

Equation 11 

Equation 10 was obtained as the first linear equation of the inverted pendulum system. If Equation 8 is 

written in Equation 12. 

 
   

   
    

  

   
         

     
   

   
      

   

   
    

Equation 12 

Equation 11 is obtained as the second linear equation of the inverted pendulum system. If the transfer 

function of the inverted pendulum system is adjusted by taking the Laplace transformation of Equation 10, 

we obtain Equation 13. 

                                 

(             )                 

     
                

          

Equation 13 

The transfer function of the angle change of the inverted pendulum in response to the applied force to the 

system is obtained as in Equation 13 by taking the Laplace transform of Equation 11, substituting X(s) for 

X(s) in Equation 12, and making adjustments to give Equation 14. 
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Equation 14 
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The transfer function of the system is Equation 14, and the simulation model of the system was prepared 

from Equations 10 and 11, and the obtained simulation model is shown in Figure 3. 

 

Figure 3. Simulation model of an inverted pendulum 

Materials and Methods 

Particle Swarm Optimization (PSO) 

Optimization algorithms are computational methods developed to find the best possible solution to a specific 

problem. These algorithms are designed to evaluate different candidate solutions until an optimal solution is 

found. Issues can have multiple conditions, constraints, and dependencies. Among the optimization 

algorithms, the PSO algorithm is an optimization method inspired by the behavior of bird flocks or fish 

schools, hence the name swarm. 

PSO was first proposed as a stochastic optimization algorithm by Eberhart and Kennedy in 1995 [21]. The 

basis of PSO is to simulate the social behavior observed in bird flocks to identify optimal foraging or 

migration routes. In PSO, the particle distribution represents efficient solutions to the optimization problem. 

Each particle moves in the search space with the best swarm performance under the influence of its own 

experience and the particles‟ common knowledge. Figure 4 shows the movement of the swarm to reach the 

target/bait in red. 

 

Figure 4. Progress of the swarm toward the target/bait and swarm movement 

The PSO algorithm starts by taking a random particle swarm and trying to find the most efficient solution at 

each renewal. At each refresh (iteration), particle positions are updated on the basis of the two “best values”. 

The first “best value” is the best solution that the particles have achieved in that iteration. This value is stored 
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as „pbest‟. The second “best value” is the best solution obtained by all particles in the swarm so far, which is 

the global best solution, and it is stored with „gbest‟. The swarm particle matrix for „ ‟ particles consisting of 

„ ‟ variables will be as in Equation 15. 

  [

       
       
   

   
     

     

   
                

]

   

 

Equation 15 

In Equation 15, the  ‟th row represents the  ‟th particle    [                    ] is recognized as. The with 

particle that provided the previous best solution value        [                     ] is taken as. In each 

iteration, the global best       [                  ] will be obtained as. The  ‟th particle velocity    
[                    ] will be. After finding       and       values, the particle velocities and new 

solutions are renewed with Equations 16 and 17. 

  
     .   

    .      
 . (      

      
 )    .      

 . (           
 ) 

Equation 16 

  
      

  +   
    

Equation 17 

In Equation 16,    and    are the learning factors that lead each particle to the best and the best solutions, 

respectively.    are the constants that enable the particle to move according to its own experience, and    to 

move according to the experiences of other particles in the swarm. In studies conducted with PSO, 

researchers stated that taking    =    = 2 gave good results. The rand in the equation is uniformly distributed 

random numbers in the range 0.1. k is the number of renewals. Below is the pseudocode used for the PSO 

algorithm. 

 

    ve     create the swarm with random starting values. 

Do   

 For     To   // Number of particles 

  If              Then        // Update the local best 

     ̂             // Update the global best 

         For     To    // Optimized number of variables 

           Equation 16 // Update velocity vector 

           Equation 17 // Update the solution vector 

         Next    

 Next    

Until    Continue the maximum number of refreshes and minimum error criteria are met. 

In this study, friction and moment of inertia were determined using the simulation model of the system with 

the PSO algorithm. Similarly, the PSO algorithm was used to determine the PID coefficients for the PID 

controller design. 

Determining the unmeasurable parameters of the system 
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In this study, the unmeasurable parameters of the system were determined using the PSO algorithm, and the 

system data given in Figure 5 were obtained by the free oscillation of the inverted pendulum system. To 

record the free oscillation of the system, the inverted pendulum was let go at 90° and the rod oscillated, while 

the pendulum came into balance. The oscillation data were measured at a 10-ms sample rate, and the record 

data shown in Figure 5 were obtained. 

Figure 5. Free swing (free oscillation) behavior of an inverted pendulum released from 90° 

The friction and moment of inertia of the system were determined using oscillation data taken from the real 

system, as shown in Figure 5. In the simulation model of the system, friction and moment of inertia were 

found using the values that minimized the error between the system simulation output obtained using the 

PSO algorithm and the data taken from the real system. The friction and moment of inertia parameter values 

are given in Table 2, and the oscillation obtained when the simulation model of the system is run with the 

parameters is given in Figure 6. 

 

 

Figure 6. Free oscillation behavior of the real system (blue) and the simulation system (red) 

 

Table 2. Unmeasurable parameters of the system found with PSO from the simulation model 

Model Parameters Symbol    Value Unit 

Friction b 12 N/m/Sn 

Moment of inertia i 0.000845 Kg m² 
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PID Controller 

PID (proportional–integral–derivative) controller is one of the most common feedback controllers used in 

many control processes such as speed, pressure, and temperature control. The PID controller is applied to the 

system input by generating a control signal to reset the "error" value between the system output value and the 

desired input value [17]. Although the PID control method is generally used in linear systems, it is also used 

in many nonlinear systems [18-20]. The mathematical expression of the PID controller is given in Equation 

18. 

                 ∫       

 

  

    

 

  
      

Equation 18 

In Equation 18, u(t) produces the control signal produced by the PID and e(t) produces the error signal 

accordingly. For the PID controller to follow the desired reference value of the system output under the 

desired conditions, the   ,    and    parameters must be appropriately determined. Figure 7 shows the 

discrete-time PID simulation block created in the simulation model. 

 

Figure 7. Distinct time PID simulation block 

The PID was used as the controller in the inverted pendulum system created using the simulation model. It 

produces the control signal that must be applied to the cart to produce a that will maintain the angle of the 

inverted pendulum,  , balanced at the intended reference value, 0°. The PID parameters were determined, as 

shown in Table 3 by running the simulation model using the PSO algorithm. 

Table 3. PID parameters 

Model Parameters  Value 

   85.23 

   150.623 

   0.685 

Results and Discussion 

Experimental control of the inverted pendulum system was performed using both the simulation model and 

the real system. The PID controller was used as the controller for the inverted pendulum to operate in 

balance. An example of the results obtained using the simulation model is shown in Figures 8 and 9. Here, 

by applying instantaneous force as a disturbance effect, the equilibrium position of the system is disrupted 

and the system is asked to come to equilibrium quickly. Similarly, an example taken from experimental 

studies conducted in a real system is given in Figures 10 and 11. In the real system, the equilibrium position 

of the pendulum was manually disturbed from outside the system, and the pendulum was asked to quickly 

come to balance. In Figures 9 and 11, where the equilibrium position of the simulation and real system is 

given, the time for the inverted pendulum to reach equilibrium is very fast and the PID keeps the system in 

balance. 
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Figure 8. Simulation output of the control force produced by the PID against the error between the angle of 

the inverted pendulum and the reference angle. 

 

 

 

Figure 9. Simulation system angle of changes. (Red is the real system output, Blue is the reference angle.) 

In Figure 9, when the PID is between 30° and 30°, it tries to keep the pendulum in balance, but when it 

exceeds this angle limit, because there is not enough path in the real system to bring the system back into 

balance, the motor is stopped and the rod falls. This decrease is shown as 0 in the graph in Figure 10. 
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Figure 10. Control force produced by the PID against the error between the angle of the inverted pendulum 

and the reference angle. 

 

Figure 11. Real system angle of changes (Red is the real system output, Blue is the reference angle.) 
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Conclusion 

It is difficult to find the unknown/unmeasurable parameters of in system and the control parameters of the 

system by experimenting on the real system. The aim of this study is to first find the unknown parameters of 

the system by creating a mathematical model of the system in a simulation environment, and then to obtain 

the PID control parameters in the simulation environment with the found parameters. Thus, to see the 

conformity of the control of the real system to the mathematical model and to show that the unknown 

parameters can be easily found through simulation. 

In this study, the balance position control of the nonlinear inverted pendulum system was programed with a 

PID controller, PLC, which is widely used in industrial control. To control the position of the inverted 

pendulum system in balance, a mathematical model of the system was created, a simulation model was 

created, and experiments were conducted. Experiments were then conducted on a real system using the 

parameters obtained from the system simulation model. 

In these experiments, the PID was designed as a controller to maintain the inverted pendulum in balance 

(vertical, 0 degrees). The PID parameters were obtained using particle swarm optimization in the simulation 

model. The PID parameters obtained using PSO were run as the parameters of the PID controller in the real 

experimental system. The simulation model shown in Figure 8 and the real experimental system shown in 

Figure 10 are similar. The parameters used to control the balance angle of the inverted pendulum and 

obtained using the simulation and optimization algorithm give similar results. It can be seen that the time 

required for the controller designed here to reach equilibrium is within a few seconds. In addition, 

fluctuations and spikes are low and the convergence speed is high. In addition, in this study, it was observed 

that it was easier to find the necessary parameters and design the controller by running optimization 

algorithms using the simulation model. 
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