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ABSTRACT. In this study, the Advection equation will be solved numerically using the cubic B-spline
Galerkin finite-element method, based on second, fourth and sixth order single step methods for time
integration. The test problem is studied, and accuracy of the numerical results are measured by the
computing the maximum error norm for the proposed methods. The numerical results of this study
demonstrate that the proposed three algorithms especially the sixth order single step method are a
remarkably successful numerical technique for solving the Advection equation.
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INTRODUCTION

The Advection equation is the basis of many physical and chemical phenomena.
Various numerical techniques have been developed and compared for solving the one
dimensional Advection equation with constant coefficient so far [1,2,3]. This study
presents high order time discretization numerical method for the Advection equation. The
main idea of using this method is to obtain high-order approximate solution for Advection
equation by using Taylor series expansion. The structure of the study is as follows. In the
next section, after the time discretization of the Advection equation is performed by using
higher accurate finite difference method, a finite element space discretization is used to
obtain a system of algebraic equation. In the numerical experiment section, proposed
methods are tested for the two test problems and finally, a summary of main findings of
the work is presented in the last section.

We consider the following one-dimensional Advection equation

u,+au,=0a<x<b 1)

with the boundary conditions
u(a,t) =u(b,t) =0,t € [0,T] (2)

and initial condition

u(x,0) = f(x),a<x<bh ©)
in a restricted solution domain over the space/time interval [a, b] X [0,T] . In the one-
dimensional linear Advection equation, a is the steady uniform fluid velocity and u =
u(x,t) is a function of two independent variables t and x , which generally denote
time and space, respectively.
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APPLICATION OF THE METHOD

For computational work, the space-time plane is discretized by grids with the time step
k and space step h . The exact solution of the unknown function at the grid points is
denoted by
uxp, ty) =up,m=0,1,..,N; n=0,1,2,..

where x,, = a + mh, t, = nk and the notation U}, is used to represent the numerical
value of uj,.

Time Discretization

Using the Advection equation of the form
U, = —au, (4)

and the following one-step method
u™l =y + 0 ult! + 0,ul + 0;ultt + O%ul + Osulkit + 6% ul,, (5)

we have the time discretization of the Eq. (1). Taking
01=02=k/2703=04=05=06=0
in (5), the proposed method is of order 2 (M1) known as Crank-Nicolson method (CN
method) and then taking
0,=0,=k/2,0; =—-k?/12,0, = k*/12,05 = 0, = 0
in (5), the method is of order 4 (M2). Finally taking
0, =0,=k/2,0;=—-k*/10, 6, = k*/10,05 = k3/120,0, = k3/120
in (5), the method is of order 6 (M3). Using the Eq. (4) then we have the following
relations:
U = _a(ut)x = _a(_aux)x = azuxx'
Ut = a? (Ue)xx = a? (—auy )y = _aguxxx-
Using ug, wy, Wy in the proposed time discretization method for the Advection
equation, we have
un+1 + ael(ux)n+1 - a203(uxx)n+1 + a305(uxxx)n+1
=u" —ab,(u,)" + a? 04(uy,)" — a306(uxxx)n- (6)

The interval [a, b] is divided into uniformly sized N finite sub-elements of equal
length h at the knots
a=x9g<x1<--<xy=bhb.
On this partition, the cubic B-splines ¢,,, m = —1,...,N + 1, have the following
form [4,5,6]:

€
( (Zm—2)3 y Xm-2 =x< Xm-1
| h3 + 3h%2,, 1 + 3h(Zp-1)% — 3(Zm1)® , Xmoy < X < Xp (7
= ﬁ h® — 3hzzm+1 + 3h(zm+1)2 + 3(zm+1)3 y X S X< Xpiq
k _(Zm+2)3 » Xmt1 S X < Xy
0 , otherwise
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where z,, = (x — x,,,). The set of cubic B-splines ¢,,(x), m=—1,...,N +1 formsa
basis over the space interval a < x < b. Over the problem domain, the approximate
solution U(x,t) to the exact solution u(x,t) can be written as a combination of the
cubic B-splines
N+1
Ux = ) 80 ®

j=1

where §; are time dependent unknown parameters which will be determined from the
Galerkin method and the boundary and initial conditions. Since the cubic B-spline
functions (7) and its first second derivatives are continuous, trial solutions (8) have
continuity up to second order. Using (7-8), the nodal values U and its first and second
space derivatives at the knots x,, are obtained as

U =U(xy) = Om+1+ 40, + 811,

Un=UCm) = 2(8p41 — 8os), ©)
Up =U"(xp) = %(5,"_1 — 68, + Smra)-

A typical finite interval [x,,, X,,+1] IS mapped to the interval [0, h] by a local
coordinate transformation defined by § = x — x,,,. Therefore cubic B-spline shape
functions in terms of & over the element [0, k] can be given as

ons(® = (1-5),

g &
¢ g g
Pm+1($) = 13+ 3;+37-3.5
Pmiz(®) =5
Combination of the element shape functions ¢; together with element time parameters
6;, i=m—2,..,m+ 3 gives an approximation for the typical element [0, k]

m+2
U =UED = ) 509,® (11)
j=m-1
Applying Galerkin method to Eqg. (5) with weight function W(x) leads to the
equation:

b
[ W@ + a8y - @205 (0™ + 5t dx
a

b (12)
= [ We @t - a0, (w0 + 020, (0" — @30, ()" dx

In the above Galerkin method formulation, weight functions W (x) and exact solution
are replaced with cubic B-splines shape functions (10) and approximation given by (11),
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respectively. Integrating by parts and using the boundary conditions yields a fully discrete
approximation obtained over the element [0, h] as:

m+2 h h
Z j @i(@; + ab,9; — a?03¢;)dE — a®05 J Pip;dE |87
j:m—l 0 0
m+2 h h (13)

- z ] @i(p; — ab9; + a20,9;)dé + a0, f P dE |57
j=m-1\0 0

where i and j take onlythe values m—1,..,m+2 and m=0,1,...,N — 1 for the
typical element [0, k] . (13) can be written in matrix form as
[A¢ + a6,B® — a?05C® — a305D°](6°)"*1 (14)
— [A® — aB,B° + a?0,C° + a30,D°](6°)™

where the dimension of the element matrices A¢, B¢, €€, D¢, E€¢ are 4 x4 ,and

the element matrices and element parameters are
h h h

h
a5 = | o, By = [ owjas, = [ owjas, b5 = | vivjas,
0 0 0 0

Assembling contributions from all elements, (12) leads to the following linear system
for the time evolution of §:

[A+ aB,B — a’05C — a305D]6™"! = [A — aB,B + a?0,C + a30,D]6™. (15)
The linear system (15) consists of N + 3 linear equations in N + 3 unknowns
(8711, ..., 85%%). After initial vector 8° = (824, ...,8%,4) is found with the help of the
boundary and initial conditions, &6™**1,(n =0,1,...) unknown vectors can be found
repeatedly by solving the recurrence relation (14) using previous ™ unknown vector.

TEST PROBLEM

For the test problem, accuracy of the proposed three algorithms is worked out by
measuring error norm L,
L, = max|u,, — U,,| (16)
m

In this test problem, the Advection equation has the exact solution

(.8 = 10 < (x — % — at)2>
u(x,t) =10exp | — :

The numerical simulation is accomplished with flow velocity &« = 0.5m/s , initial
peak location X, =2km and p =264 by the terminating time t = 10000s .
Therefore the initial condition u(x,0) is propagated in a long channel without change
in shape or size by the time t = 10000s with flow velocity &« = 0.5m/s. So initial
condition travels from the initial position to a distance of 5km and the peak value of the
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solution remain constant 10 for all time. After the program run up to time ¢t = 10000s
, Initial solutions and waves at various times are depicted in Fig. 1 for the M3 with h =
At = 10 . It can be seen from the figure that wave propagates without any change in its
shape.

0 L L L L L |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Fig. 1. Waves at t=0,2000,4000,6000,8000,10000.

The error norms L., for the proposed three methods are listed in Table 1. According
to the table, when time and space steps are reduced from 200 to 10, the error norms
decrease for all algorithms. Among the suggested methods, the sixth order method gives
the least error as expected.

Table 1. The error norms for the proposed three methods

h=k M1 M2 M3

200 2.42 1.14x 1071 8.32x 1072

100 7.62x 1071 1.96x 1073 1.82x 107%

50 1.98x 1071 1.22x 107* 5.50x 1077

20 3.13x 1072 3.13x 107° 5.02x 10710

10 7.82x 1073 1.96x 107 5.40x 10712
CONCLUSION

The high-order Galerkin finite-element method based on Taylor series expansion for
the time discretization and cubic B-spline functions for the space discretization was
proposed to solve numerically the Advection equation. The test problem was simulated
well with the proposed three algorithms. As expected, it was seen from the test problem
that the third algorithm with the highest accuracy gave better results. Consequently, the
numerical result of this study demonstrates that the proposed algorithms especially the
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sixth order method are a remarkably successful numerical technique for solving the
Advection equation. It can also be efficiently applied to similar physically important

equations.

REFERENCES

[1] Dag, I, Canivar A., Sahin A. (2011): Taylor-Galerkin method for advection-diffusion
equation. Kybernetes 40(5/6): 762-777.

[2] Dag, i, Irk, D., Tombul M. (2006): Least-squares finite element method for the advection
diffusion equation. Applied Mathematics and Computation. 173(1): 554-565.

[3] Gorgili M., Irk D. (2019): The Galerkin Finite Element Method for Advection Diffusion
Equation. Sigma Journal of Engineering and Natural Sciences 37(1): 119-128.

[4] Ali A, Gardner G., Gardner L.A (1992): A Collocation solution for Burgers equation using
cubic B-spline finite elements. Comput. Meth. Appl. 100(3): 325-337.

[5] Karakoc S.B.G., Bhowmik, S.K. (2019): Galerkin finite element solution for Benjamin—
Bona—Mahony—Burgers equation with cubic B-splines. Computers & Mathematics with
Applications 77(7): 1917-1932.

[6] Goh, L., Majid, A., Ismail A.l. (2011): Numerical method using cubic B-spline for the heat

and wave equation. Computers & Mathematics with Applications 66(12): 4492-4498.

13


https://www.sciencedirect.com/science/journal/08981221
https://www.sciencedirect.com/science/journal/08981221
https://www.sciencedirect.com/science/article/pii/S0898122111008923#!
https://www.sciencedirect.com/science/article/pii/S0898122111008923#!
https://www.sciencedirect.com/science/article/pii/S0898122111008923#!
https://www.sciencedirect.com/science/journal/08981221

