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Abstract  
Proportional-integral-derivative (PID) controller is one of the most popular controllers that are used for the active vibration control of 

mechanical systems. In the most of these studies it can be observed that control gain tuning is the main issue of the active vibration control. 
An inappropriate selection of control gains may cause inefficient control performance and be harmful for the controlled system. In PID 
control it is possible to select the control gains according to desired transient and steady state specifications when the system model is 
exactly known but in general exact knowledge of the system model is not provided. In this study a system model based gain tuning 
algorithm is proposed for the active vibration control of 1 degree-of-freedom mechanical systems. To realize this purpose, the transfer 
function of the system is estimated from the free vibration response of the system. The estimation process is realized by obtaining damping 
ration and undamped natural frequency of the system from the transient state specifications of free vibration response. Then an estimated 
transfer function based PID control gain adjustment method is proposed. Performance of the proposed method is demonstrated via numerical 
simulation studies.      

Keyword: 1 degree-of-freedom systems, Mechanical systems, Active vibration control, PID control, Gain tuning.   

 
INTRODUCTION 
 

Since it affects consistency and repeatability 
negatively, vibration is one of the most important 
problems for the mechanical systems. Vibration is an 
unavoidable fact especially in mechanical systems that 
have flexibility in their structure. In flexible mechanical 
systems, eliminating the occurred vibration as quickly as 
possible after the system has reached to desired position 
is the main aim of the vibration control. In the active 
vibration control a closed-loop system model and an 
external actuator are needed to reach this aim. 
Proportional-integral-derivative (PID) controllers are 
widely preferred as a closed-loop controller in active 
vibration control systems. 

In [1], a PID controller was designed to provide an 
active seismic control of a multi degree-of-freedom (dof) 
structural systems against earthquakes. In [2], PID 
controller  was used as an outermost controller of a 
hybrid control technique applied to a vehicle active 
suspension system of a quarter car model using skyhook 
and adaptive neuro active force control. In [3], a PID 
based output feedback controller is utilized for the active 
vibration control of cantilever beam. In [4], vibration 
suppression of smart beams using the piezoelectric patch 
structure was presented. In the mentioned study, a state 
space model characterizing the dynamics of the physical 
system was developed from experimental results using 
PID approach for the purpose of control law design.  In 
[5], an active vibration control system of a smart plate is 
realized by utilizing PID control strategy. Mentioned 
studies are a few of the numerous PID control studies in 

the literature. Moreover, realizing the performance 
demonstration by comparing the performance of  the 
designed controller with a PID controller is an another 
prevalent approach used in the literature [6], [7].  

Thanks to its simple structure, robustness and 
applicability, PID control has been successfully used in 
both industrial and academic applications. Nevertheless, 
adjusting the control gains, which is the most important 
aspect of the PID control process, remains as an open 
problem. An inappropriate selection of control gains 
decreases the efficiency of control. As a result of this, 
trial-and-error method and other methods that are not 
based on a valid basis may not be considered as proper 
solutions to cope with this issue. Since it has been 
observed that poor selection of the control gains affects 
the control process dramatically, proposing optimal 
tuning methods for PID control gains has become a hot 
topic in the control literature. Detailed surveys about this 
topic can be found in [8] and [9]. This topic maintains its 
validity in the last decade. In [10], a new robust PID 
tuning method for the optimal closed-loop performance 
with specified gain and phase margins based on nonlinear 
optimization was developed. A stochastic, multi-
parameters, divergence optimization method for the auto-
tuning of PID controllers according to a fractional-order 
reference method was presented in [11]. In [12], gain and 
phase margin specifications of the inner and outer loop 
based internal model control plus PID tuning procedure 
was proposed. In [13], a new model reduction method 
and an explicit PID tuning rule for the purpose of PID 
auto-tuning on the basis of a fractional order plus time 
delay model are presented. In [14], a Newmark method 
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based PID control rule was proposed for the active 
vibration control of multi dof flexible systems. As it can 
be clearly seen from these studies partial or exact 
knowledge of the system model or obtaining a model that 
provides a good representation of the behavior of the 
system is a critical issue to propose an optimal gain 
tuning method for the PID control.   

Proposing a system model based gain tuning method 
for the active vibration control of 1 dof mechanical 
systems is the main purpose of this study. Single link 
flexible robot manipulators are the most known examples 
of these type of mechanical systems. There are lots of 
available vibration control studies about single link 
flexible robot manipulators in the control literature [15-
21]. Active suspension design of a quarter car can be 
considered as an another example of these type of 
systems. In general, mechanical structure of a quarter car 
is modeled as 2 dof mass-spring-damping system. This 
situation based on the structure that both of the vibration 
between tire and body and body and driver and/or 
passenger seats are eliminated via same external actuator. 
However in studies where only the design of the active 
suspension system between the tire and the body or 
between the body and the seat is considered, the system 
is designed as 1 dof mechanical system. Active 
suspension system design examples for a quarter car can 
be found in [2], [21-28]. According to the author's best 
knowledge there is no proposed gain tuning method for 
the active vibration control of these type of mechanical 
systems. 1 dof mechanical systems are modeled as mass-
spring-damping systems and thanks to this structure they 
can be considered as linear systems and are represented 
via second order transfer functions [29]. To reach the 
main purpose of this study, a second order transfer 
function model that represents the mechanical system is 
obtained from its free vibration response by utilizing 
transient state specifications of a standard second order 
transfer function (i.e. percentage overshoot and settling 
time). It can be observed that transfer function of the 
overall closed-loop system is represented via the third 
order transfer function when obtained transfer function 
placed into it and a PID controller is applied to the 
system. Then, PID control gains are adjusted to express 
overall closed-loop system via its second order 
approximation according to the dominant pole 
approximation [30]. It is also considered that the final 
model provides the desired transient state specifications 
while choosing PID control gains. For this purpose 
transient state specifications namely as percentage 
overshoot and settling time that are the main issue of 
active vibration control are considered. Finally, steady 
state error can be checked via final value theorem. Since 
it is possible to interfere all of the coefficients of the 
denominator of a third order transfer function by using a 
PID controller all of these specifications can be tuned 
properly. After that point, a PID controller with 
determined control gains can be applied to the 
mechanical system to provide the active vibration 
control. The mentioned procedure is applied successfully 
to an example 1 dof mechanical system in this study. All 
steps are tried to be explained clearly and the numerical 
simulation studies are utilized for the performance 
demonstration.    
 
MECHANICAL SYSTEM  
 

In the first part of this section, structure and 
mathematical model of 1 dof mechanical systems are 
introduced. Then, a free vibration response and transient 
state specifications based transfer function estimation 
process is explained.  
  

Structure of the system and its mathematical 
model 
Structure of 1 dof mechanical systems is shown in Figure 
1. As it can be seen from this figure the mentioned 
mechanical system is modeled as 1 dof mass-spring-
damping system. In this figure mass of the body, spring 
and damping constants are denoted by mb, k and c, 
respectively. Base excitation is represented by z(t). For 
this study it is assumed that the control input is applied to 
the system as a base excitation.  
 

 
Figure 1. 1 dof mechanical systems 

Eliminating the vibrations that occur at the end point 
position denoted by x(t) by applying an appropriate 
control input is the main objective of active vibration 
control. Mathematical model of the given system can be 
obtained via Euler-Lagrange equations and is expressed 
as 

  
 𝑚𝑚𝑏𝑏�̈�𝑥(𝑡𝑡) + 𝑐𝑐�̇�𝑥(𝑡𝑡) + 𝑘𝑘𝑥𝑥(𝑡𝑡) = 𝑐𝑐�̇�𝑧(𝑡𝑡) + 𝑘𝑘𝑧𝑧(𝑡𝑡). (1) 

 
Transfer function that represents the relationship 

between the base excitation z(t) and the end point 
position x(t) is obtained as follows when the Laplace 
transform is applied to the mathematical model in (1) 

    
 𝐺𝐺(𝑠𝑠) =

𝑋𝑋(𝑠𝑠)
𝑍𝑍(𝑠𝑠) =

𝑐𝑐𝑠𝑠 + 𝑘𝑘
𝑚𝑚𝑏𝑏𝑠𝑠2 + 𝑐𝑐𝑠𝑠 + 𝑘𝑘 

(2) 

where X(s) and Z(s) denote the Laplace transforms of 
x(t) and z(t), respectively. In the above equation transfer 
function of the mechanical system is represented by G(s) 
while s denotes the Laplace variable. At this point it 
should be stated that mathematical model and the transfer 
function of the system are given to show that these type 
of mechanical systems are represented by second order 
transfer functions. Neither mathematical model nor 
transfer function is not used for modeling and/or gain 
tuning process. Remaining parts of the study are based 
on the free vibration response of the system as it is given 
in the next subsection.   
 

Transfer function estimation 
Transfer function of 1 dof mechanical systems can be 
estimated by utilizing standard unity gain second order 
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system definition. The structure of the standard unity 
gain second order transfer function is given as [30]    

 
𝐺𝐺𝑠𝑠𝑠𝑠(𝑠𝑠) =

𝜔𝜔𝑛𝑛2

𝑠𝑠2 + 2𝜉𝜉𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2
 

(3) 

where ωn denotes the undamped natural frequency and ξ 
denotes the damping ratio. From (3) it is clear that 
systems that have a second order transfer function can 
approximately be represented via this structure as long as 
their undamped natural frequencies and damping ratios 
are known.   

These values can be determined by utilizing transient 
state specifications namely as percentage overshoot and 
settling time [30]. The mentioned values can be obtained 
from the free vibration response of a mechanical system 
given in Figure 1. To obtain this response, a unit step 
input is applied to the system as a base excitation and the 
free vibration response of the end point is measured. 
Percentage overshoot is related with the peak value of the 
response. Its mathematical expression is given as  

 𝑂𝑂𝑂𝑂 =
𝑥𝑥𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 − 𝑥𝑥𝑠𝑠𝑠𝑠

𝑥𝑥𝑠𝑠𝑠𝑠
100 (4) 

where OV denotes the percentage overshoot, xpeak and xss 
denote the peak and steady state values of the end point 
position, respectively. From (4) it can be seen that 
percentage overshoot can be calculated by observing 
peak and steady state values of the free vibration 
response. After that point it is possible to reach the 
damping ratio of the system via the following formula   

 
𝜉𝜉 =

−ln (𝑂𝑂𝑂𝑂/100)
�𝜋𝜋2 + ln2(𝑂𝑂𝑂𝑂/100)

. 
(5) 

Settling time is defined as the time for the step 
response to reach and stay within 2% of the steady-state 
value. Undamped natural frequency can approximately 
be calculated via the settling time and the damping ratio 
according to the following formula [30]  

 𝜔𝜔𝑛𝑛 =
4
𝜉𝜉𝑡𝑡𝑠𝑠

 (6) 

where the settling time is denoted by ts. This point is the 
end of the transfer function estimation process. After that 
point estimated transfer function can be used in the 
closed-loop system to tune PID control gains. 

TUNING OF PID CONTROL GAINS 

In this section it is explained that how PID control 
gains can be selected according to the estimated transfer 
function. Firstly overall transfer function of closed-loop 
system is obtained. Then, the control gains are selected 
by considering the following issues: 

• Reducing the transfer function of the 
overall closed-loop system by utilizing 
dominant pole approximation. 

• Obtaining the desired percentage overshoot 
and settling time. 

• Eliminating the steady state error. 

All of these steps are tried to be explained in a more clear 
manner. 

Laplace domain expression of the PID controller is 
given as [30] 

 𝑍𝑍(𝑠𝑠) = 𝐾𝐾𝑝𝑝 +
𝐾𝐾𝑖𝑖
𝑠𝑠 +𝐾𝐾𝑑𝑑𝑠𝑠 (7) 

where Z(s) denotes the Laplace transform of the control 
input defined in (1) while constant proportional, integral 
and derivative gains are denoted by Kp, Ki and Kd, 
respectively. These gains are adjustable parameters of the 
PID controller. Increasing the efficiency and the 
performance of the control by adjusting them to the 
appropriate values is the main purpose of PID control. 
The structure of the closed-loop system is shown in 
Figure 2. In this figure r(t) denotes the reference input. 

Figure 2. Closed-loop system 

Transfer function of the closed-loop system is obtained 
as follows by utilizing Mason formula [30] 

 

𝐻𝐻(𝑠𝑠) =

𝜔𝜔𝑛𝑛2[𝑐𝑐𝐾𝐾𝑑𝑑𝑠𝑠3 + �𝑘𝑘𝐾𝐾𝑑𝑑 + 𝑐𝑐𝐾𝐾𝑝𝑝�𝑠𝑠2

+𝑐𝑐𝐾𝐾𝑖𝑖𝑠𝑠 + 𝑘𝑘𝐾𝐾𝑖𝑖]
(1 + 𝜔𝜔𝑛𝑛2𝑐𝑐𝐾𝐾𝑑𝑑)𝑠𝑠3

         +�2𝜉𝜉𝜔𝜔𝑛𝑛 + 𝜔𝜔𝑛𝑛2�𝑘𝑘𝐾𝐾𝑑𝑑 + 𝑐𝑐𝐾𝐾𝑝𝑝��𝑠𝑠2

+𝜔𝜔𝑛𝑛2(1 + 𝑐𝑐𝐾𝐾𝑖𝑖)𝑠𝑠 + 𝜔𝜔𝑛𝑛2𝑘𝑘𝐾𝐾𝑖𝑖

 

 
 

(8) 

where H(s) denotes the closed-loop transfer function and 
(3) and (7) are utilized. From (8) it can be seen that 
transfer function of the closed-loop system is a third 
order transfer function. However, all of the coefficients 
of the denominator can be adjusted indirectly via PID 
control gains. Thanks to this structure PID control gains 
can be selected to reduce the transfer function to its 
second order approximation by utilizing dominant pole 
approximation and provide the desired transient state 
specifications and steady state error.  

According to dominant pole approximation, stable 
systems (i.e. systems whose all poles in the left half 
plane) can be represented via lower order transfer 
functions if the real parts of some of their poles are more 
than 10 times lower than real parts of the remaining ones. 
For the third order systems this situation can be 
mathematically expressed as [31] 

 
𝐻𝐻(𝑠𝑠) =

𝛼𝛼𝜔𝜔𝑛𝑛2

(𝑠𝑠 + 𝛼𝛼)(𝑠𝑠2 + 2𝜉𝜉𝜔𝜔𝑛𝑛𝑠𝑠 +𝜔𝜔𝑛𝑛2)

≈

⎩
⎨

⎧
𝛼𝛼

(𝑠𝑠 + 𝛼𝛼) , 𝛼𝛼 ≪ 𝜉𝜉𝜔𝜔𝑛𝑛

𝜔𝜔𝑛𝑛2

(𝑠𝑠2 + 2𝜉𝜉𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2)
, 𝛼𝛼 ≫ 𝜉𝜉𝜔𝜔𝑛𝑛

 

 
 
 

(9) 

where α is a positive constant. The third order transfer 
function can be expressed by its second order 
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approximation by selecting PID control gains according 
to the second inequality in (9).  

Remark 1. As it can be seen from (9), the third order 
systems can also be represented via the first order 
transfer function. However, it is not possible to obtain an 
appropriate representation for flexible mechanical 
systems via the first order transfer functions. The general 
behavior in these type of systems is that vibration starts 
with an overshoot and reaches the desired level for a 
certain period of time [29]. It is not possible to represent 
the mentioned overshoot via a first order transfer 
function [30]. Since the control gains are tuned according 
to the estimated model, model's representation capability 
is the most crucial part of the study. The second order 
approximation is preferred by considering this issue. 

Control gains can also be selected to provide the 
desired percentage overshoot and settling time  for the 
second order system. At this point it should be stated that 
these specifications are crucial for the active vibration 
control and they can be adjusted for the second order 
systems via damping ratio and undamped natural 
frequency as [30] 

 𝑂𝑂𝑂𝑂 = 𝑒𝑒−�𝜉𝜉𝜉𝜉�1−𝜉𝜉
2�100 

𝑡𝑡𝑠𝑠 =
4
𝜉𝜉𝜔𝜔𝑛𝑛

. 

 
 

(10) 

Finally, it is possible to guarantee zero steady-state 
error by utilizing final value theorem. Final value 
theorem is given as 

 𝑥𝑥(∞) = lim
𝑠𝑠→0

𝑠𝑠𝑋𝑋(𝑠𝑠). (11) 

In the active vibration control, the main purpose is to 
keep the end point at a constant amplitude so step input 
with a specific amplitude is applied as the reference input 
[29]. From (8) and (11) it can be seen that end point 
position always converges to amplitude of the reference 
step input as long as Ki is not equal to zero. This situation 
guarantees zero steady state error.  

Remark 2. Although the procedure described in this 
section is given for the PID controller, it can be used to 
set the control gains of all controllers have the structure 
that can meet the specified requirements. 

Remark 3. A second order system is needed to determine 
the desired percentage overshoot and settling time and 
tuning the control gains according to these specifications. 
Expressing the third order transfer function of the closed-
loop system is only possible with the dominant pole 
approximation. To guarantee this approximation using a 
controller whose structure is capable to adjust all 
coefficients of the denominator of the transfer function of 
the closed-loop system is a crucial issue. 

SIMULATION RESULTS 

Computer based simulations were realized to 
demonstrate the efficiency of the proposed method. For 
these simulations numerical values of 1 dof mechanical 
system were selected as mb=240 kg, k=16000 N/m,  

c= 280 Ns/m. At this point it should be stated that, a 
mechanical system that is similar to a quarter car model 
is considered in this study. As a result of this it can be 
considered that this simulation is an example of active 
suspension system design between tire and the body of a 
quarter car model.  

A unity gain step input was applied to the system and 
free vibration response was obtained to estimate the 
transfer function of the system. Free vibration response is 
shown in Figure 3.  

 

Figure 3. Free vibration response  

As it is highlighted in Figure 3, system has 80.7% 
percentage overshoot and 6.6 s settling time. The 
damping ratio and the undamped natural frequency of the 
system can be obtained by utilizing these values as 
ξ=0.0681 and ωn=8.899 rad/s, respectively. The 
estimated transfer function of this mechanical system 
GMS is obtained as follows by utilizing the structure in 
(3)  

 𝐺𝐺𝑀𝑀𝑀𝑀(𝑠𝑠) = 79.2087
𝑠𝑠2+1.2121𝑠𝑠+79.2087

. (12) 

Step response of the transfer function given in (12) 
and the free vibration response of the system in are given 
together in Figure 4. From this figure it can be seen that 
the estimated transfer function represents the mechanical 
system successfully.  

 

Figure 4. Step responses of  the mechanical system (line) and 
the estimated system model (dashed)  

For the closed-loop system the desired percentage 
overshoot and the desired settling time were determined 
as  

   𝑂𝑂𝑂𝑂 ≤ 10%, 
𝑡𝑡𝑠𝑠 ≤ 2 𝑠𝑠. 

 
(13) 

Control gains were adjusted as Kp=0.1522, 
Ki=3.2982 and Kd=0.3189 to provide the desired 
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specifications and other requirements. As a result of this 
adjustment, transfer function of the closed-loop system is 
obtained as 

 𝐻𝐻(𝑠𝑠) = 27.68𝑠𝑠2+13.21𝑠𝑠+286.3
𝑠𝑠3+29𝑠𝑠2+100𝑠𝑠+286.3

. (14) 

where (8) is utilized. Poles of the transfer function of 
closed-loop system are obtained as 

   𝑝𝑝1 = −25.5213, 
𝑝𝑝2,3 = −1.7394 ± 2.8623𝑖𝑖. 

 
(15) 

According to poles given in the above equation, 
dominant pole approximation is provided and the closed-
loop system can be represented via a second order 
transfer function. When the PID controller with the 
determined gains was applied to the mechanical system 
the closed-loop response was obtained as shown in 
Figure 5. From this figure it can be seen that the 
percentage overshoot decreased to 7% while the 
vibration was eliminated in 2.04 s. According to these 
results it can be said that the control objective was met. 

Remark 4. At this point it should be highlighted that, 
PID controller with the control gains that were 
determined according to the estimated transfer function 
of the system was directly applied to the mechanical 
system given in Figure 1. During the control process, 
mathematical model of the system and/or estimated 
transfer function were not utilized. This process can be 
applied for the active vibration control of any 
experimental system having the structure given in Figure 
1. Obtaining the free vibration response of the 
mechanical system to estimate its transfer function is the 
only necessity of this procedure.  

 

Figure 5. Closed-loop response  
 
CONCLUSIONS 

In this study a system model based control gain 
adjusting method is proposed for the active vibration 
control of 1 dof mechanical systems. To estimate the 
transfer function of the mechanical system, its free 
vibration response is examined. To obtain this response, 
a unity gain step input is applied to the system as a base 
excitation and the occurred vibration at the end point is 
measured. From this measurement transfer function can 
be estimated by utilizing transient state specifications of 
the standard second order systems. 

 Then, active vibration control of a mechanical 
system is provided. PID controller is used as a controller 
for the closed-loop system and its gains are tuned 
according to desired transient state specifications and the 

steady state error. Providing the dominant pole 
approximation to reduce the third order transfer function 
to its second order approximation is an another critical 
issue for this study. It must be considered during the 
control gain tuning process. 

Finally PID controller whose gains were determined 
according to the given procedure is applied to the 
mechanical system. From the simulation results given in 
this study it is seen that the control gains selected by 
utilizing the estimation of a transfer function of the 
mechanical system provide the desired transient state 
specifications and steady state error for the active 
vibration control of the mechanical system. 

FUTURE WORKS 

This study is specified for the active vibration control 
of 1 dof mechanical systems. For the proposed method a 
system that can be represented via a second order transfer 
function is needed. However, it may not be provided for 
the higher order system.  Although, it can be considered 
as a feasible solution for the active vibration control of 1 
dof mechanical systems, it is not possible to generalize it 
for higher order systems. Proposing a method that can be 
applied for the active vibration control of higher order 
systems is considered as the main future work. 
Experimental verification is also aimed for both cases.   
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