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Abstract

Many fuzzy numberscomparison approaches are developed in the literature for multi attribute decision-making problem. Almost all of
theexisting approaches focus on quantity measurement of fuzzy numbers for ranking purpose. In this paper, the researchers have proposed a
new method for ranking fuzzy numbers. Here we compare fuzzy numbers using a distance measure. This interval can be used as a crisp set
approximation. Ranking fuzzy numbers using parametric interval has been done previously by other researchers. In the present paper, a
novel approach of parametric interval is proposed. We obtain this parametric interval by using the statistical principles of fuzzy numbers.
This method can effectively rank various fuzzy numbers and addresses the deficiencies of previous techniques. Some examples to illustrate

the advantages of this method are outlined in this article.
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INTRODUCTION

In many applications of fuzzy set theory, to solve a
problem, we must select one of the possible solutions [1].
Weusually choose the best and the most appropriate
solution. In orderto do this, we need to rank fuzzy numbers.
Various methods have been proposed for ranking fuzzy
numbers. One of these methods is the use of valuation
techniques [2].

A general method for comparing fuzzy numbers is its
relationship with a scalar quantity which is used to compare
fuzzy numbers. Another method for ranking fuzzy
numbersis to use the classification intervals. In this method,
the fuzzy numbers are ranked in a rough interval [3] The
approximation of an interval representation of a fuzzy
number may have many useful applications. By utilizing
this method, it is possible to apply some results derived
from interval number analysis.Various authors (Saneifard,
2009) have studied the crisp approximation of fuzzy sets
and proposed a rough theoretic definition of the crisp
approximation, called the nearest interval approximation of
a fuzzy set [4].

The different approachesto the crisp approximation of
fuzzy sets,is presented inpreviousstudies [5] However, the
fuzzy numbers approximation methods are not unique.

Reviewing previous studies, we have proposed a new
parametric interval for ranking fuzzy numbers in this paper.
One of the methods comparing two fuzzy numbers is the
use of a suitable index for these numbers. In other words,
we compare the index of two fuzzy numbers instead of
comparing themselves. In the present article, we introduce
a fuzzy index to provide a new method for ranking fuzzy
numbers. We need to review an improved algorithmfor this
fuzzy index. This algorithm usesfuzzy arithmeticand fuzzy
principles and provides parametric interval. Therefore
applying this fuzzy index, a new method for ranking fuzzy
numbers is proposed in this paper. Since this fuzzy index is

a statistical index, the algorithm can be used for positive
fuzzy numbers. The reason is obvious, because all variables
and data are always a positive value in statistical problems.

This paper is organized as follows: in Section 2, this
article recalls some fundamental results on fuzzy numbers.
In Section 3 a statistical fuzzy index (fuzzy variance) is
described. Proposed method for ranking fuzzy numbers is
in Section 4. In Section 5, numerical examples of using the
method above have been given.The paper ends with
conclusions in Section 6.

Preliminaries and Basic Efinitions

Fuzzy numbers

Let X be a nonempty and universe set, A fuzzy set
A =|ab,cd],abc,deER and a<b<c<dinXis
characterized by its membership function, u,:X — [0,1]
and p,(x)is interpreted as the degree of membership of
element x in fuzzy set A for each x € X [6]. It is clear that
A is completely determined by the set of tuples: A =
{(x, na(x): x € X}the membership function p,(x) is a
continuous mapping from R to the closed interval [0,1];
ua(x) = 0for all xe(—wo,a] and xe€[d ,+w), py(x) is
strictly increasing on x€[a,b]; pa(x) =1 for x€ [b,c];
s (x) is strictly decreasing on x € [c,d] [7]. B = (e, f, g)
is defined as a triangular fuzzy number ifug (x)is given by:

(x—e)/(f—e), e<x<f,
ue(x) =1 (x-9)/(f-g), f<x<g, )
0, otherwise.
Or
up(x), e<x<f,
e = ufk(x), f<x<g @

0, otherwise.



R. Saneifard and M. Farrokhy / IINES, 8 (1): 23-26, 2014 24

Where ni:[efl —[0,1] and uh:[fgl —
[0,1]based on basic theories of fuzzy number. B is a
normal fuzzy number ifu,(x) =1. Where B is a non-
normal fuzzy number if 0<u, <1 therefore, the
extended fuzzy number B can be denoted as
(e.fg,uy). The image —B of B can be expressed by

(~g.~f,~e,u, ) [8].

a-cut:(the interval of confidence for the level of a)

The a-cut of a fuzzy number A can be defined as [9]:
Ag{x|u,(x) Za} x€R a€[0,1] 3)

Where A, is a non-empty bounded closed interval
contained in R, it can be further denoted by A, = [ A, A

where A, and A, are respectively the lower and upper
bounds of the closed interval and they are functions of «
defined for any fuzzy intervals. If B= (e, f,g) be a triangular
fuzzy number, the a- cut of B can be expressed as:

Ba=[_Ba,§a]=[(f—e)a+e,(f— ga +glae[0,1] (4)

Fuzzy arithmetic

A non-fuzzy number r can be expressed as (r,r, r) [10]
by the extension principle, the fuzzy sum @ and fuzzy
subtraction & of any two triangular fuzzy numbers are also
triangular fuzzy number, given any two positive triangular
fuzzy numbers, 4 = (ay, a; as) and B = (by, by, b3) and a
positive real number r, some main operations of fuzzy
numbers A and B can be expressed as follows:

A®B=(a;+by,a, +b,y,a5+b3), (5)
AS B =(a,—b,,a, — by,a; — by), (6)
A ® B = (ab,, azb,,asby), 0]
AQ®r = (a1, a,r, asr), (8)

And Equations 9-12 are the standard fuzzy-arithmetic
operation rules [11].

(A®B)q = [Az @ By] = [Aq + By, Ag + Bal, ©)

(A© B)g = [Ay © Baj=[ Au = Ba, Ay — Bal, (10)

(A®B)o = [d¢ ® Bal = [Aq -Ba , Aa-Ba ], (1)
([4."42] 4<o,

(A®5), = {I 4,237, 4>, (12
{

Provide A Method of Fuzzyvariance

Let Xbe a fuzzy variable that has triangular fuzzy
variants % = (a; b ¢; ) where, j=1,2,3,...,N. Applying
Eq. (4),

(), =2, ] = (b= a)a+a; (b - )+ alo)
(13)

Define the a-cut of the fuzzy mean of X
The o — cut offuzzymeanis definedas follows [12] .

(e =320, = e Hy,| = (i@ + By Aya+ Bylae[01].
(14)

Where,
_1gynN - _1yN —
He, = NZ=a% o Py = L= %
and
_1gnN _ _1gn _
Ay =3 Xj=a(by — @) =y — e, B =321 = e,
and
1 oN 1yvN
Ay =S Xja(by — ) = tp — by By = SXjo1 G = e

This allows one to obtain the membership functions of fiz
as

fﬁl‘i(x) = (.X' - BL)/ALi BL <x< C ’
0, otherwise.

Where £ (x) and £ (x) are the left and right membership
functions, respectively.

And C = <3N by = .
Define thea-cut of the fuzzy variance of X:

Let My, = X; — uy and apply Eq. (12),
([92 )2 |,

[an, @12 ]

(i) = i
o) max (2 ()2 )], 0 [my, Wy, |
(16)

(M)'(j)u <0,

(M)'(j)a >0,

Where

(Mf(j)()( = x] - [.l_jc'a = (b] - aj - Au)a + (a] - Bu),

—a

and

(Mg))o = N, #z = —g—A)a+ (g~ BL)
Now define the a-cut of the fuzzy variance of X by [13].
(67, = 320(® - f)°, = [(o? G0, 1 @)
That this equation is abbreviated to be [14].

V,(A) = (&fz)a[GLaz +H,a + 1, Gya® + Hya + 1], a € [0,1].
(18)

Where
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N ((bf — ¢ —AL)? (Mf(,-)a <0,
SO (UEUEYDIS R

= o 0 € [(Mz)er (My) ]

2

((2(b—¢—A)(g—B), (Mg)u<O0,
SN { 2ty - 4~ A0) (s~ Bu), (s>,
j=1 0, 0€ [(ij)a,(ﬁxj)a].
N ( (cj - BL)2 , (Mf(j)a <0,
L %Z ! (¢ - BU)Z' Mz)e > 0,
S0 oer(n (W) ).

Gy
[ (b — a; — Ay) 2 (Mii)u <0
{ (bi -G - AL)'Z (Mx])a >0,

)
NG (6 -6 =47 0 € [y, (M) | || < | (M) |
(b= o = 4,2 0 € [ (M) ||| = (W) |-

( 2(by — a; = Ay)(a; = By), (ﬁij)a <0,
_ 1%{ Z(b -G - L)(C/'*BL)' @xi)a>0.
- Nj=1 |2(b1 —¢—4,)(¢ ~By), 0 € [ (Mg)o, (Mz))al, (ij)al < |(Mgi)a ,
(205 -0 40)(a; — Bu), 0 € [ (M) M)l | (M| = | (M)
]U
( (a - u)2 (Mx])u <0,
ey (6 = B)?, (My)e > O,
N] 4] (6 = BL)% 0 € [ (Mx)a» (My)).], < |y,
(@ =B)%0 € [ Mo, (My)) 1. |0)e| = [y

The membership function of 62; are the presented as [15]

fo2,(x)
(—H, +[H?— 4G, (I, — x)]72}/2G,,1, <x <],
{(—Hy + [Hy® — 4Gy(Iy —0)]72}/26, ] <x <1,

0, otherwise.
Where, ] = % My (b; - ).

The Preference Comparison of Fuzzy Numbers

In this section we propose a novel technique for
comparison of fuzzy number associated with the parametric
distance. If Ais a fuzzy variable that has triangular fuzzy
variants % = (aj, bj,¢c;), where j=123,..,Nand
[AqAg] be itsa-cutthen V,(A)be its the parametric
interval. Since every parametric interval can be used as a
crisp set approximation of a fuzzy number therefore, the
resulting interval is wused to vrank the fuzzy
numbers.Thus, V,(A) is used to rank fuzzy numbers.

Definition 1. Let F[L] represent the set of closed
interval in R; the interval order is as follows:

Val,bl,az,bz €ER.

Vel’lfylng a, < bl and a, < bz, [al, b1] < [az, bz], if and
onlyifa; < a, and b; < b,.

Let A and B € F[L], this paper also defines UTM (A, B)
and LEA (A, B) the utmost and the least of two intervals as
follows:

UTM (A, B) = AVB,
LEA(A,B) = AN B,

Where the utmost and the least of the intervals are defined
in the following way:

Vay, by, ay, b, € R Verifyinga,; < by and a, < b,,

[ai,bi] Vaz, byl =[a; Vay, by Vb,

[ay, by] Alaz,b;] =[a; Aay, by Aby].

Let A and B € F[L]denotetwo arbitrary fuzzy numbers and
V. (A) = [ay,a,] and V,(B) = [by, b,] express thea-cut
fuzzy variance of A and B; respectively. Define the
comparison of A and B by V,(.) on F, are defined as [16].

LEA(A,B) = UTM (A, B) if and only if A~B, LEA(A,B) <
UTM(A,B) if and only if A< B, V,(B) c V,(A) if and only
if A>B.

Then, this attempt formulates the order > and < as A > Bif
and only if A>Bor A~ B, and A < Bif and only ifA<B
orA~ B

Remark 1. For two arbitrary fuzzy numbers A and
Bthis states that, I,(A + B) = V,(A) + ,(B).

Proof. Fora € [0, 1], let

Vu(A) = (6)22)0( =
[0,1]

[G,a? + Hya + I,,Gya* + Hya +Iy],a €

and

V.(B) = (5y2)u
[0,1].

=[6.a® + Ha +1,,Gya? + Hya +1y|,a €

Therefore,

V,(A) +V,(B) = [G, + Hya + I,,Gya? + Hya + Iy] + [GLa?
+H, + [, Gya? + Hya + Iy]

=[(G, + Ga® + (Hy + Hya + Iy +1)]
=V, (A +B).
Numerical Examples
In this section this study, several numerical examples

are given to check the proposed method.

Example 1. Let A, B, C be three fuzzy variables that
have triangular fuzzy variants

% = (0.1,0.2,0.3), %, = (0.3,0.45,0.6), %, = (0.5,0.6,0.7),

and

7, = (0.5,0.25,0.35), ¥, = (0.2,0.3,0.4), ¥, = (0.35,0.45,0.55)
and

% = (0.18,0.25,0.5), Z, = (0.32,0.5,0.7), ,(0.4,0.5,0.8),
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therefore, applying Eq. (5), A=(0.9,1.25,1.6), B=(0.7,1,1.3)
and C=(0.9,1.25,2) as shown in Table 1. According Eq. 18,
the ranking index values are obtained, Vy(4) =
[0,0.15],V,(B) = [0,0.08] and V,(c) = [0,0.2]. Ranking
order of fuzzy numbers is C > A > B. (See Tablel)

Table 1. Fuzzy numbers A, B, C in Example 1.

Fuzzy Numbers Vo()
A=(0.9,1.25,1.6) [0,0.15]
B=(0.7,1,1.3) [0,0.08]
C=(0.9,1.25,2) [0,0.2]
Results C>A>B

Example 2. Consider the data
% = (3,3.54), %, = (2,3.5,5), and
1 =(2335), ¥, = (44,4.5),

therefore applying Eq. (5) observe the two symmetric
triangular fuzzy numbers A= (5,7,9) and B=(6,7,8) as
shown in Table 2. Through the proposed approach in this
paper, the ranking index values can be obtained as V,(A) =
[0,4.25] and V,(B) = [0,3.13], then the ranking order of
fuzzy numbers result is A > B.(See Table2).

Table 2. Fuzzy numbers A, B in Example 2.

Fuzzy Numbers Vo()
A=(5,7,9) [0,4.25]
B=(6,7,8) [0,3.1]
Results A>B

Example 3. Let the data

f1 = (1ﬂ1r1)r552 = (2I2!2) and

yl = (2' 2' 2)'572 = (4'r4:4‘)
By using Eqg. (5) and this new approach, for A=(3,3,3) and
B=(6,6,6) (Table3), V,(A) =[0.25,0.25]and Vy(B) =
[1,1], hence the ranking order is B > A.

Table 3. Fuzzy numbers A, B in Example 3.

Fuzzy Numbers Vo()
A=(3,3,3) [0.25,0.25]
B=(6,6,6) [1,1]
Results B >A
CONCLUSION

There are many methods for ranking fuzzy numbers.
however statistical science indexes are used less in ranking
fuzzy numbers. There are shortcoming and limitations in
pervious ranking methods.

In this study, to eliminate these shortcomings, we have
proposed another parametric interval index that can
effectively rank various fuzzy numbers. The calculations of
the proposed method are far simpler than other approaches.
Finally, examples were presented to illustrate the
advantages of this method.
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