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Abstract

A review of previous studies reveals that recently definition of quality has been an important issue in capture of trade. Furthermore,
because of the improvements in quality level of products and offering services as main causes of surpassing the rivals, it could be concluded
that it would take a major contribution of market. Therefore, today the meaning of quality is developing as a public culture. Fuzzy set theory
has been applied to many areas which need to manage vague data such as decision making, optimization, control and so on. In the decision
analysis of the fuzzy environment fuzzy numbers need to be compared and discriminated with decision makers. Thus, in this paper researchers
proposed a novel approach to evaluate fuzzy quantities based on interval valued. It combines the concept of geometric distance with areas and
COG points of interval valued belonged to generalized trapezoidal fuzzy numbers. We also proposed an adjustment algorithm for interval

valued fuzzy numbers. Finally some numerical Examples are represented.
Keywords: Ranking; Fuzzy Numbers; Defuzzification; DMU; Fuzzy two sets.

INTRODUCTION

Recently it has been claimed that ranking fuzzy
numbers is an important issue in decision process. Since 1970,
various fuzzy ranking methods have been proposed [7, 8, 15,
16]. Some of these ranking methods have been compared and
reviewed by [2]. A type of method is to map fuzzy numbers to
the real axis through appropriate transforms and then
compares and sorts it [12]. Lee and Li proposed the
comparison of fuzzy numbers for which they considered mean
and standard deviation and original points. In approach & -
cut set and decision makers’ preference are used to construct
ranking function [6]. Jain [10, 11] proposed a method using
the concepts of maximizing set to order fuzzy numbers,
mentioning that decision maker considers only the right side
membership function. Among the existing ranking methods,
centroid index methods are studied and applied to many
decision making problems. Recently, Saneifard [12] pointed
out the drawbacks of the existing centroid index ranking
method and proposed a new centroid index method for
ranking fuzzy numbers based on Center Of Gravity (COG)
point. However, the COG point based on ranking method
presented by Wang [16] stated that the results of Saneifard
[12, 13] and Chu [8] were lack of accuracy. Thus in this paper

we proposed a new method for ranking fuzzy numbers to
overcome the shortcomings of the previous studies about
ranking trapezoidal fuzzy numbers based on interval valued.
In this approach we used COG points’ method for
defuzzyfying the generalized trapezoidal fuzzy numbers based
on interval valued. Then by using the geometric distance we
compared the fuzzy numbers.

The rest of this paper is organized as following. In
Section 2 we briefly reviewed basic concepts of generalized
fuzzy numbers, [5], interval valued fuzzy numbers [18] and
their arithmetic operations, [3-5]. In Section 3, we presented a
new method for ranking fuzzy number based on interval
valued. In Section 4, the method illustrated with numerical
Examples. The conclusion is discussed in Section 5.

preliminaries
Here we review some basic concepts of fuzzy sets.

Definition 1 Let X be a universe set. A fuzzy subset A of
X is define with a membership function HA (X) that

maps each element X in A to a real number in the interval
[O,l]. The function value of HA (X) signifies the grade



R. Saneifard and N. Feizipour / 1INES, 7 (2): 27-32, 2013 28

of membership of X in A. When HA (X) is large, its

grade of membership of X in A is strong.

Basic concepts of fuzzy numbers
Here we briefly review basic concepts of generalized
fuzzy numbers. Chen [5] represented a generalized

trapezoidal fuzzy number A = (a, b,c, d;W), where
a,b,c and d are real values and O < W <1 as shown in
Fig. 1.

The membership function M (X) of generalized fuzzy

numbers A satisfies the following conditions:
L up (X) is a continuous mapping from the universe of

discourse X to the closed interval in [0,1],
2. up (x)=0, forall —oo < x<a,

3. up (X is monotonically increasing in [a b]

(x)
4. pp (%)=

(x)

(

W, forall b<x<c,
5. 1 p (X is monotonically decreasing in [C d]

6. 4 p (x)=0, forail d < X < oo,

If W=1 then, the generalized fuzzy numbers A is a
normal fuzzy number denote as A = (a, b,c,d ) ifa=Db

and C=d the generalized fuzzy number A is a crisp
interval. If a<b=cC<d then, A is a triangular fuzzy
number. If a<b<c<d then, A is a generalized
trapezoidal fuzzy number. If a=b=Cc=d and W=1

then, A is a crisp value.
Here there are two generalized trapezoidal fuzzy numbers

Ai and A, where A= (al, b1sC1,dss W1) and
A= (a2 boiCoydo; Wz)- The arithmetic operations
between the generalized trapezoidal fuzzy numbers A and
A2 are as reviewed from [5] as follows:

1. Generalized Fuzzy Numbers Addition > :

Ad® A =

(al, D1sC1s dl;Wl)(‘B (azavaCza dz;Wz):

(ar+ @2, by + b2, C1+ Covdi+ do; Min(wy, wa)).
Where a;,b1,C1,d1,a2,02,Coand d, are real numbers.
2. Generalized Fuzzy Numbers Subtraction &

A A=
(al,bl,Cl,d1;W1)@(az,b2,C2,d2;W2):

(al— dz,bi—c2.ci— banlfaz;min(Wth))x
where a1,01,C1,d1,a2,02,C2and d - are real numbers.

3. Generalized Fuzzy Numbers Multiplication & :

A ® As=(a,b,c,d;min(w;, w,)).

a= Min(alx az,aldeadlvaadlde)'
b= Min(blxbz,b1X02101Xb2,C1XCZ)'
C=MaX(blxbz,blxcz,Clxb2a01XC2)’
d= Max(alxaz,alxdzydlxazadlxdz)-

If a;,b1,C1,d1,a2,b2,C, and d, are positive real
number, then

Ao A=

(a1>< a2, bixba,cixcy,diXda; min(WanZ))'
4. Generalized Fuzzy Numbers Division ¢

Let At and A2 be two generalized trapezoidal fuzzy
A1=(a1,b1,c1,dliwl), A=

(aZab21C2ad2;WZ)x alablacl1dlaa21b2aC2and d2
are nonzero positive real numbers then the division between
A1 and A, define as follows:

Ao A= alvblvcl’d11W1)®(a2'b2’C21d21W2)

(544t

Interval valued fuzzy numbers and their arithmetic
operations

Gorzalczany [9] proposed the concept of interval valued
fuzzy sets. Then, Yao [17] represented the interval valued

number A = [AL, Au]z

numbers, where

trapezoidal fuzzy

L L L L., L u U _uUu_u. U
[(a.l aa2aa3!a4)WA)) (al )a2 !a3 a4 1WA):|| as
showing in Fig. 2 where AL denotes the lower interval

valued trapezoidal fuzzy number, AY denotes the upper

interval valued trapezoidal fuzzy number, and A- < AY
From Fig. 2 we can see that interval valued trapezoidal fuzzy
number A consists of the lower generalized trapezoidal fuzzy

number A" and the upper generalized trapezoidal fuzzy

number AU . It is obvious that,

) oIf A=A
number A will becomes, a generalized trapezoidal fuzzy
number.
A — A — L_ U .

)If aa=adz=as=as and W =W then the interval
valued trapezoidal fuzzy number A will become a crisp
value.
Jfar<az=
fuzzy number A becomes a triangular interval valued fuzzy

number.
Assume that there are two interval valued trapezoidal

fuzzy numbers A and B where A=

, then interval valued trapezoidal fuzzy

as < ag then the interval valued trapezoidal
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(@t a5, a5, b wi) (af 2%, a¥ &% ; wi)|and B = [(bF, bS5, b5 bl;wh) (b bY b b s wh)].

B = [(bf,bé,bé,bk;wé), (bllJ abg ablé,J blz{ ;Wg)] Calculate COG points (;A'-:gAL),&AU &Au)
ar.ai bi,b:i=1.4 are real values, k_ Ry ) (_ iy ) o
Oswhswl<lad OSwsswi<l — Then B 'YBY @4WBTYRY) ol AT AT, B and
arithmetic BY as follows:

Operations between interval valued trapezoidal fuzzy ——

numbers A and B are reviewed from Chen [3, 4] as yAL:
follows:
L L
asz —a
1) Interval Valued Fuzzy Numbers Addition @D W/L-\ x [ai _ ai + 2)
A®B= 46 L , if ar#a; and O<whk<1,
(o a5 a5 akiwi) (af 12 2 af iwi )] @ ok o L
[(lyb2|b3yb41WB)(b1!b2!b3b4)WB)] 7’ If a1=a4 and O<WAS1’
(@ +bras+bs.al+bs.al+biminw. wh)) } o
(@ ~b!.al +b!al~blal wblmnlwlwl )]y
.2) Interval Valued Fuzzy Numbers Subtraction ©: u U
AOB = Wlix[az_aﬁ-f-Zj
(a5 a8, ab;wh) (af a8 &y & ;wh)]© 2 Cif a¥=al and O<wl <1,
(b} b5 . b5 . b s wh ) (67 b . bY b s wh)]-= 5
. Wa ; Uu_ U U
(af—vaaE—bi:aé—bi,ai—bf:m'n(wi,wé))} 2 it ar=a; and O<wi<l
(@~ a2 -y @ ~by & ~by minfw;.w) @
3) Interval Valued Fuzzy Numbers Multiplication ® : yBL -
A®B=
Loyl il pleo LY (lU U U U Ul
(bf s bs biiws) of b b )l b46 )y b %bt and 0<wh<l
[(al <btas bt @t <bt sl < bl mintw ) ] M
. b H L_ KL |_<
a0 <by 1 <by v b a2 b sminw? w ) 2 T brby and O<ws =L
. 3
4) Interval Valued Fuzzy Numbers Division (). - ®
’ yBU =
ApB=
(at a5 ab 2l wih (a? a2 a8 2l swi )l i x (be b, J
[(1;b21b3ab4:WB)(bl:b21b3b41WB)] b4 bl , if bi’;ﬁbg and O<Wlég1,

{( /0% /bl al /b al/lo! i minlw wi) } % o U
a2/} .a2/bs.as /byl /by sminlw. ws) R if by =bi and O<ws<l.

(4)  Calculate Xab,

Calculating COG points of fuzzy numbers based interval
value

Let two interval valued trapezoidal fuzzy numbers A =
L L L _L..L u U _U_U. U
[(a.l ) a.2 ] a3 ] a;4 ] WA): (a.l ] a2 ] a3 a4 ) WA)] and

§AU , QB'-and §BU as follows:
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N Ly ab)t L+L(L__)
XA _yAL(as az) (614 al)WA yAL‘

ZWAL

()

o Tl -y )
2Wa

(6)

N R ey

Xgt= '
2wg

U]

gl ) k- )

B~ 2ws |

©)

Now calculate COG points (XA’ yA) of interval valued

fuzzy number A where:

A(Au)xf U —A(A")xf L )
ROy T AR)-AR)-
0, otherwise,
9)

yA:

A )xy o = AlA)xy o
Aa)-AA)

it A(A%)-A(AY)=0,

0, otherwise,
(10)
In the same way calculate the COG point (;B’ys) as
fgllows:
Xs_

A(BU)x XgY —A(AL)xiBL ) y )
A(BU)— A(BL) | - (B )— A (B );t 0,
0, otherwise,
(11)

yB =
AB)xygu-AB xyg )
A A if A(BY)-A(B")=0,
0, otherwise.
(12)

An interval
algorithm

However, sometimes the upper trapezoidal fuzzy number
of the evaluating result cannot contain the lower trapezoidal
fuzzy number of the evaluating result. In the following, we
use an example to show how this situation occurs.

valued fuzzy numbers adjustment

Example

Let A=[(0,0.05,0.15,0.2,0.5),(0,0.1,0.1,0.2:1)]

B ={(0,0.05,0.15,0.2,0.5),(0,0.1,0.1,0.2;1)]

we can get;

A®B =
[(0,0.05,0.15,0.2;0.5),(0,0.1,0.1,0.2;1)| ®
[(0,0.05,0.15,0.2;0.5),(0,0.1,0.1,0.2;1) =
[(0,0.0025,0.0225,0.04;0.5),(0,0.01,0.01,0.04;1)]

We can see that the upper trapezoidal fuzzy number cannot
contain the lower trapezoidal fuzzy number, as shown in Fig.
3. In the following, we propose an algorithm to adjust the
evaluation result to let the upper trapezoidal fuzzy number
contain the lower trapezoidal fuzzy number. Assume that
there is an interval valued trapezoidal fuzzy number

A= (b a5 a5, a% wh) (@, a8 ay a¥ swh)].
and the universe of discourse is between zero and one. The
algorithm is presented as follows:

Stepl: calculate the values of Xiand Xr which are the two

end points of the W',;—cut (i.e., [x| , xr]) of AU . The values
of x; and X, are calculated as follows:

L
Wa
=% (Y —a¥ )+ af,
Wa
(25)
Wi
Xe= (¥ —a¥)+ay.
Wa
(26)

Step 2: If the value of aé is greater than then X, , let aE:
Xr and a'g = X, . Otherwise, go to step 3.

Step 3: If the value of aé is smaller than x, then let aé =X -

Step 4: if the value of a'g is smaller than X; then let a%z
X) . Otherwise, if the value of ag is greater than X, then,

let a'g = X, and stop.
After applying the algorithm, an illegal interval valued fuzzy
number A become a legal interval valued fuzzy number.
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A new method for ranking generalized trapezoidal
fuzzy number based interval valued

Some researchers defined a distance and then compared
the fuzzy numbers [13,14]. In this section, we present a new
method for ranking trapezoidal fuzzy number based on
interval value. In this method we consider the COG point of a
generalized trapezoidal fuzzy number based on interval value,
and also the geometric distance of these fuzzy numbers. Thus
the proposed method combines the concepts of geometric
distance the areas and the COG points of interval valued
fuzzy numbers.

A=[(ak ab.a5 % wh)(a¥ 2y a8 afswi)).

L b ol b, L U U U, u. U
B= [(bl 1b2’b3 1b;41WB)’ (bl 1b2 ’b3 b4 1WB)]
Let are the generalized trapezoidal fuzzy numbers.

Step 1: calculate the areas A(A") of the lower trapezoidal
fuzzy number Atand A(A”) of the upper trapezoidal

fuzzy number AY respectively, shown as follows:

A(AY)_ (al+as—ab - ab)xwh
; ,
A(AY) (¥ + 2% — a3 —a?)xwh
) ,

Also in the same way, calculate the areas A(B") of the

(19)

(20)

lower trapezoidal fuzzy number B- and A(BU) of the

upper trapezoidal fuzzy number BY, respectively as follows:

A(gt)- b + b — b bi)x wh
: ,

(21)

A(gY)- (b2 + b2 ~b? b7 )< e
2

, (22)

Step 2: calculate the COG points (;A,VA) and (;B,yB)
by the formula (1-12).

Step 3: Use the new points M zmin(af,bﬁj) for
i=1..4. Use geometric distance for calculating the

distance between COG points and the crisp points we define
as minimum points of fuzzy numbers to calculate the ranking
value of numbers.

d(M,A)=/xa-MF+{y of @)

d(M.B)=(kg-MF+yg /.

(24)
If d(l\/l , A)>d(|\/| , B) then we have A = B .

Some Numerical Examples

In the following we use some Examples to illustrate the
ranking process of generalized trapezoidal fuzzy number
based on interval valued. Table 1 shows calculating results of
the proposed method.

Example Consider the fuzzy numbers
A=1(0.3,0.35,0.45,0.50.8),(0.1,0.25,0.6,0.7;1)]
and

B = [(0.25,0.3,0.4,0.45;0.8),(0.05,0.2,0.5,0.65:1)]

based on proposed method calculate COG points (XAa yA)

and (XB’ yB) by formulas (1-12). Thus we have (;A&A)

- (0.415,0.463) and (xo Y5 )=(0.331,0.424) use

point M = (0.05,0) then, by geometric distance calculate
the rank of fuzzy number, We have: d(A,M) =0.589,
d(B,M)=0.508.

Example Consider the fuzzy numbers

C =(0.3,0.35,0.45,0.5;0.8),(0.1,0.25,0.6,0.7;1)]

and

D =(0.33,0.4,0.5,0.55;0.8),(0.05,0.2,0.5,0.65;1)]

based on proposed method calculate COG points (Xc ) yc)

and (;D : ?D), by formulas (1-12). Thus we have (;c ’yc)

- (0.415,0.563)and (x5, )-=(0.313,0.396) use

the point M =(0.05,0) then, by using geometric distance
calculate the rank of fuzzy number, We have:

d(C,M)=0.589, d(D,M) =0.475.
Example Consider the fuzzy numbers

E =(0.3,0.35,0.45,0.5;0.8),(0.2,0.3,0.5,0.6:1)]

and

F =[(0.35,0.4,0.5,0.55;0.8),(0.2,0.3,0.5,0.6:1)].
d(E,M) = 0.494,

above we have:

d(F,M)=0.523.

as shown

CONCLUSIONS

In the present study, we suggested a new method for
ordering fuzzy numbers based on interval valued. According
to this method we proposed a new ranking index to classify
fuzzy numbers based on interval valued. Moreover, we used
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some numerical Examples to illustrate the advantages of the
method. By using this method, we solved some shortcomings
of ordering interval valued fuzzy numbers.
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