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Abstract

In this article, the authors discuss the problem of defuzzification by minimizing the weighted distance between two fuzzy quantities. Also, this
study obtains the nearest point with respect to a fuzzy number and shows that this point is unique relative to the weighted distance. By utilizing
this point, a method is presented for effectively ranking fuzzy numbers and their images to overcome the deficiencies of the previous techniques.
Finally, several numerical examples following the procedure indicate the ranking results to be valid.
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INTRODUCTION

Representing fuzzy numbers by proper intervals is an
interesting and important problem. An interval representation
of a fuzzy number may have many useful applications. By using
such a representation, it is possible to apply in fuzzy number
approaches some results derived in the field of interval number
analysis. For example, it may be applied to a comparison of
fuzzy numbers by using the order relations defined on the set
of interval numbers. Various authors in ()[16,13] have studied
the crisp approximation of fuzzy sets. They proposed a rough
theoretic definition of that crisp approximation, called the
nearest interval approximation of a fuzzy set. Moreover, quite
different approach to crisp approximation of fuzzy sets was
applied in [3]. They proposed a rough theoretic definition of
that crisp approximation, called the nearest ordinary set of
a fuzzy set, and they suggested a construction of such a set.
They discussed rather discrete fuzzy sets. Their approximation
of the given fuzzy set not unique. Thus this article will not

discuss this method. Having reviewed the previous interval
approximations, this article proposes here a method to find the
weighted interval approximation of a fuzzy number that it is
fulfills two conditions. In the first, this interval is a continuous
interval approximation operator. In the second, the parametric
distance between this interval and the approximated number
is minimal. In continuance, by using this interval we obtain
the nearest weighted point approximation respect to weighted
distance and show that this point is unique. The main purpose
of this article is that this nearest weighted point can be used as
a crisp approximation of a fuzzy number, therefore by means of
this approximation this article aims to present a new method for
ranking of fuzzy numbers. The paper is organized as follows:
In Section 2, this article recalls some fundamental results on
fuzzy numbers. In Section 3, a crisp set approximation of a
fuzzy number is obtained. In this Section some remarks are
proposed and illustrated. In Section 4, a crisp approximation of
a fuzzy number is obtained. The proposed method for ranking
fuzzy numbers is in Section 5. Discussion and comparison of
this work and other methods are carried out in Section 6.
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Preliminaries
The basic definitions of a fuzzy number are given in
[8,10,14,15] as follows:

Definition 2.1. A fuzzy number % _in parametric form is
apair (u,u) of functions () and u(r) that 0 < <1,
which satisfy the following requirements:

1. u(7) isabounded monotonic increasing left continuous
function,

2. u(r) isabounded monotonic decreasing left continuous

function, _
3 u(r)<u(r),0<r<l1.

Definition 2.2. The trapezoidal fuzzy number
u= (xo,yo ,O, ﬂ) , with two defuzzifier X, ), and left
fuzziness & > 0 and right fuzziness ﬂ >0 is a fuzzy set
where the membership function is as

1
—(x—x,+0) when x,—0 <x<Xx,,
o

1 when x, <x<y,,
un =1

E(yo —x+ ) when y,<x<y,+p,

0 otherwise.

If Xy =Y,,then u = (xo ,O, ﬂ) is called trapezoidal
fuzzy number. The parametric form of triangular fuzzy number

Su(ry=x,—c+or u(r)=x,+p-pr-

Definition 2.3. For arbitrary fuzzy number © € F' (F
denotes the space of fuzzy numbers) and 0 < & <1, function
f;Fx[é‘,]] — F such that f(u’é‘) = (25)”5,) is

called delta- vicinity of the fuzzy number % . Then there is

u(r) when re (0,1}
Ug (r) = and
u(0) when re[0,0]
- ;(r) when r € (0,1},
us(l’)z _
u(o) when rel0,0],

Ifu= (xo >V0>0, ﬂ ) is a trapezoidal fuzzy number, the
parametric form ofitis Uy = (25 ,Us) thatis as follows:

X, —0 +or, when r e (0,1}

us(r)=
X,—o+06 when re[0,0] and

Yo +0—pr, when re(0,1]

us(r)= Vo +B+6 when re[0,5]

Definition 2.5. [17]._For two arbitrary fuzzy numbers
u = (u,u) and v=(v,V), the quantity

d, (uv)= ( [ £ X =y dr+[ £ () =) er ,

2.2)

were fZ[O,l] —[0,1] is a bi-symmetrical (regular)
weighted function, is called the bi-symmetrical (regular)
weighted distance between # and V based on &'

Definition 2.6. [13]. An

1:F—(Setof Closed Intervalsin R)
approximation operator if for any # € F’

operator
is called an interval

(a') 1(u) < Supp(u)

(b") Core(u) < I(u)’°
() V(e>0)A(6>0) st du,v)<d=>d(I(u) I(v) <&

where d:F —[0,9% [ denotes a metric defined in the
family of all fuzzy numbers.

Definition 2.7. [13] An interval approximation operator
satisfying in condition (C') for any u,VE€F is called the
continuous interval approximation operator.

Nearest Weighted Interval of a Fuzzy Number

Various authors in [13,16] have studied the crisp
approximation of fuzzy sets. They proposed a rough theoretic
definition of that crisp approximation, called the nearest
ordinary set and nearest interval approximation of a fuzzy set. In
this section, the researchers will propose another approximation
called the weighted interval-value approximation. Let
u= (g,u) be an arbitrary fuzzy number. This article will
try to find a closed interval Idw (W)=[{,,1;] , which is the
weighted interval to % with respect to metric d w - S0, this
article has to minimize

d, (1, ()= ( [ FNur) 1, +1u(r) —IR]Z)dr] ,

3.4
with respect to [ ; and I » - In order to minimize d w it
suffices to minimize

BW(IL’IR):d\i(ILﬁlR).

It is clear that, the parameters [ ; and
I r Wwhich minimize Eq. (3.4) must satisfy in
— oD, 0D
VDu(I,,1)=|—,——|=0
o1, " al,

Therefore, this article has the following equations:

% = —2j f(rXu(r)y=1,)dr =0,
B, ; (3.5)
%I:m B _2»([f(r)(;‘(”) —1,)dr=0.

The parameters [ 1 associated with the left bound and 1 R
associated with the right bound of the nearest weighted interval
can be found by using Eq. (3.5) as follows:
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1, = [ f(u(rdr,
0 (3.6)

= If(r)u(r)dr

Remark 3.1 . Since

&*Du(I,,1,) 8*Du(,,1,)

2 10
det ol Ol I, =det =1>0,
&*Du(l,,1,) 0*Du(I,.1,) 0 1
ol,ol, oI,
and
—2
oD.(I,,I
0Dy, 1) . x) =1>0
ol;

therefore /, and [, given by (3.6), minimize d, (u,/, (u)
Therefore, the interval

I, @) =| [ f Y ] fryurd r

(3.7)

is the nearest weighted interval approximation of fuzzy number
U with respect to d - Now, suppose that this article wants
to approximate a fuzzy number by a crisp interval. Thus the
researchers have to use an operator I which transforms fuzzy
numbers into family of closed 1ntervals on the real line.

1 2 1
Lemma 3.1. [16]. [ZIf(r)g(r)dr) szjf(r)gz(r)dr

0 0

Theorem 3.1. [16]. The operator Id_is an interval
approximation operator, ie. 1 4 1s a continuous interval
approximation operator. !

Nearest Weighted Point of a Fuzzy Number

Let u=(u,u) be an arbitrary fuzzy number and
1, (u)=[I,,1z], be the nearest weighted interval of it. If
I, =1, then I, (u)=[I,,Iz]=1,(u) , is the nearest
weighted point approximation to fuzzy number %, and its
unique. £, (1) value is as follows:

The above equation introduces in the following Theorem.

Theorem 4.1. [17]. Let u = (u u) be a fuzzy number
and f (l’) be a weighted function. Then I, (u) is nearest
weighted point to fuzzy number U .

Theorem 4.2. [17]. The nearest weighted point
approximation to a given fuzzy number ¥ is unique.

Remark 4.1. [17].Let # and V be two fuzzy numbers and
A and M be positive numbers. Then we have

Remark 4.2. If u = (xo,yo,a,ﬁ) be a trapezoidal
fuzzy number, then the nearest weighted point to it is

Xo+ Yy, +f+o0

L, (u)= 2

+(B-o)| f(ryrdr

27

Ordering of Fuzzy Numbers by the Nearest Weighted

Point

In this section, the researchers will propose the ranking
of fuzzy numbers associated with the nearest weighted point
approximation. Ever, the nearest weighted point can be used as
a crisp approximation of a fuzzy number, therefore the resulting
approximation is used to rank the fuzzy numbers. Thus, 1 w ()
is used to rank fuzzy numbers.

Definition 5.1. Let # and V € F' are two fuzzy numbers,
and [ (u ) and [ (V) are the nearest weighted point of
them. Deﬁne the ranklng of 4 and V by ] on F'ie.

M I,(m)<I,(v) ifonlyif u <v,

@) I, (w)>1,(v) ifonlyifu>v,

() 1, w)=1,(v)

if [, (ug)<I,(vs) thenu <V,

else if I, (ug)>1,(vs) then u >V,

else U ~ V.

Via Theorem 4.1, the nearest weighted point approximation
of the O - vicinity U is as follows:

1@ = [ £+ ) ir

Then, this article formulates the order > and < as U>V
ifandonlyif 4 >V or U4 ~Vv, u<v ifand only if 4 <V
or U ~ V. This article considers the following reasonable
axioms that Wang and Kerre [20] proposed for fuzzy quantities
ranking.

Let 1 bean ordering method, S the set of fuzzy quantities
for which the method  can be applied, and A a finite subset
of S'. The statement two elements ¢ and V in A satisfy
that ¢ has a higher ranking than v when [ is applied to the
fuzzy quantities in 4 will be written as # >V by I on A

u~vbyl on A,and u>v by I on A are similarly
interpreted. The following proposition shows the reasonable
properties of the ordering approach I . Let .S be the set of
fuzzy quantities for which the nearest point method can be
applied, and A and A' are two arbitrary finite subsets of S .
The following axioms hold.

A Forue A, u-<u by [ on A.

A For (u V)EA u=<v and v<u by I on A4,
we should have U ~ V.

Ay. For (u,v,w) € A>, u<v and v<w by I on
A, we should have U<Ww,

A4. For (u,v) € A°,
should have U<V

AS.Let U,V, U+ wand v+ W beelements of S .If
u=<v by I on W,vy, then U + W<vV+Ww.

Aé.Let U,V, U+ Wand V+ W beelements of S .If
u=<vbyl onu,vi then u + w=<v+w.

inf Supp(v) > sup Supp(u) , we

Remark 5.1.
A,4,,

Ranking order [ has the axioms

w

Proof. The proof is similar to [17].

Remark 5.2. If 4 <V, then — U > —V.
Hence, this article can infer ranking order of the images of
the fuzzy numbers.
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Examples
In this section, we want compare proposed method with
others in [1,2,5,6,7,9,11,12,18,19].

Example 6.1. First of all, this study validates their proposed
method with representative examples of [4] with some
advantages.

Consider the data used in [10], i.e. the three fuzzy numbers,
A=(6,1,1)  B=(60.L1) ,and C=(6,0,1) .According
to Eq. (4.10), the ranking index values are obtained i.e.
1,(4)=6 Accordingly, the ranking order of fuzzy numbers
is C>= B> A . However, by Chu and Tsao’s approach [9],
the ranking order is B> (C > 4 . Meanwhile, using CV
index proposed [5], the ranking order is B>C>A4 . It
easy to see that the ranking results obtained by the existing
approaches [5,9] are unreasonable and are not consistent with
human intuition. On the other hand in [10], the ranking result
is C > B> A ,which is the same as the one obtained by our
approach. However, our approach is simpler in the computation
procedure. Based on the analysis results from [10], the ranking
results using our approach and other approaches are listed in
Table (6.1).

Example 6.2. Consider the following sets: 4 = (2,1.3)
B=33]1) ad C=(2.50.5,0.5) . By using this
new approach, [ (A)=1[ (B)=2.7 and [ (C)=2.5
Since I, (A)=1,(B) . we have to compare [, (As) with
[W(Bﬁ) , where
10

5
I (4,)=86>-=8"-=
W(45) 3 3

54 5
d I,(B,)=46"-=5"-=
an n( 6) 3 3

Table (6.1). Comparative results of Example (6.1)

Then, /,,(45) <1, (B;)
C<A4A<B
other methods in [9], the readers can refer to Table (6.2).
Furthermore, to aforesaid example,

forall 6 €[0,1] . Therefore,

the ranking is .To compare with some of the

10

1,(~4,) =85 +§53 +372B

I,(—B;)=-46" - 253 + % and

I (=C)=-2.5 , consequently the ranking order of the
for all
0€[0,1] . Clearly, this proposed method has consistency in

images of three fuzzy number is —B <-4 <-C

ranking fuzzy numbers and their images, which could not be
guaranteed by CV-index method. It easy to see that neither of
them is consistent with human intuition.

All the above examples show that this method is more
consistent with institution than the previous ranking methods.

CONCLUSION

In this paper, the authors proposed a defuzzification using
minimizer of the weighted distance between two fuzzy numbers
and by using this defuzzification we proposed a method for
ranking of fuzzy numbers. Roughly, there not much difference
in our method and theirs. The method can effectively rank
various fuzzy numbers and their images.

Fn New approach Sign Distance p=1 Sign Distance p=2 Chu-Tsao Cheng CV index
A 6.00 6.12 8.52 3.000 6.021 0.028
B 6.15 12.45 8.82 3.126 6.349 0.009
C 6.16 12.50 8.85 3.085 6.351 0.008

Results C-B>4 C-B>4 C-B>4 B-C»A4 C>B-=A4 | B-C>4

Table (6.2). Comparative results of Example (6.2)

Fn Sign Distance p=2 Distance Minimization Chu and Tsao CV index Magnitude method

A 3.9157 2.5 0.74 0.32 2.16

B 3.9157 25 0.74 0.36 2.83

C 3.5590 25 0.75 0.08 2.50

Results C<A~B C~A~B A~B=<C B<A<C A<C=<B
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