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Abstract

A Method For Defuzzification Based on Symmetrical Distance and Vicinity

Rahim SANEIFARD
Department of Mathematics, Urmia Branch, Islamic Azad University, Oroumieh, IRAN

In this article, the authors discuss the problem of defuzzification by minimizing the weighted distance between two fuzzy quantities. Also, this 
study obtains the nearest point with respect to a fuzzy number and shows that this point is unique relative to the weighted distance. By utilizing 
this point, a method is presented for effectively ranking fuzzy numbers and their images to overcome the deficiencies of the previous techniques.  
Finally, several numerical examples following the procedure indicate the ranking results to be valid.
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INTRODUCTION

Representing fuzzy numbers by proper intervals is an 
interesting and important problem. An interval representation 
of a fuzzy number may have many useful applications. By using 
such a representation, it is possible to apply in fuzzy number 
approaches some results derived in the field of interval number 
analysis. For example, it may be applied to a comparison of 
fuzzy numbers by using the order relations defined on the set 
of interval numbers. Various authors in ()[16,13] have studied 
the crisp approximation of fuzzy sets. They proposed a rough 
theoretic definition of that crisp approximation, called the 
nearest interval approximation of a fuzzy set. Moreover, quite 
different approach to crisp approximation of fuzzy sets was 
applied in [3]. They proposed a rough theoretic definition of 
that crisp approximation, called the nearest ordinary set of 
a fuzzy set, and they suggested a construction of such a set. 
They discussed rather discrete fuzzy sets. Their approximation 
of the given fuzzy set not unique. Thus this article will not 

discuss this method. Having reviewed the previous interval 
approximations, this article proposes here a method to find the 
weighted interval approximation of a fuzzy number that it is 
fulfills two conditions. In the first, this interval is a continuous 
interval approximation operator. In the second, the parametric 
distance between this interval and the approximated number 
is minimal. In continuance, by using this interval we obtain 
the nearest weighted point approximation respect to weighted 
distance and show that this point is unique. The main purpose 
of this article is that this nearest weighted point can be used as 
a crisp approximation of a fuzzy number, therefore by means of 
this approximation this article aims to present a new method for 
ranking of fuzzy numbers. The paper is organized as follows: 
In Section 2, this article recalls some fundamental results on 
fuzzy numbers. In Section 3, a crisp set approximation of a 
fuzzy number is obtained. In this Section some remarks are 
proposed and illustrated. In Section 4, a crisp approximation of 
a fuzzy number is obtained. The proposed method for ranking 
fuzzy numbers is in Section 5. Discussion and comparison of 
this work and other methods are carried out in Section 6.
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Preliminaries
The basic definitions of a fuzzy number are given in 

[8,10,14,15] as follows:

Definition 2.1.  A fuzzy number u  in parametric form is 
a pair ),( uu  of functions )(ru  and )(ru  that 10 ≤≤ r , 
which satisfy the following requirements:

1.  )(ru  is a bounded monotonic increasing left continuous 
function,

2.  )(ru  is a bounded monotonic decreasing left continuous 
function,

3. )()( ruru ≤ , 10 ≤≤ r .

Definition 2.2. The trapezoidal fuzzy number 
),,,( 00 βσyxu = , with two defuzzifier 0x , 0y  and left 

fuzziness 0>σ  and right fuzziness 0>β  is a fuzzy set 
where the membership function is as 
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If 00 yx = , then ),,( 0 βσxu =  is called trapezoidal 
fuzzy number. The parametric form of  triangular fuzzy number 
is rxru σσ +−= 0)( , rxru ββ −+= 0)( .

Definition 2.3. For arbitrary fuzzy number Fu∈  ( F
denotes the space of fuzzy numbers) and 10 ≤≤ δ , function 

FFf →× ]1,[: δ  such that ),(),( δδδ uuuf =  is 
called delta- vicinity of the fuzzy number  u . Then there is
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If ),,,( 00 βσyxu =  is a trapezoidal fuzzy number, the 
parametric form of it is ),( δδδ uuu =  that is as follows:
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 Definition 2.5. [17]. For two arbitrary fuzzy numbers 
),( uuu =  and ),( vvv = , the quantity 
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were ]1,0[]1,0[: →f  is a bi-symmetrical (regular) 
weighted function, is called the bi-symmetrical (regular) 
weighted distance between u  and v  based on F .

Definition 2.6. [13]. An operator 
)(: ℜ→ inIntervalsClosedfoSetFI  is called an interval 

approximation operator if for any Fu∈

)()()( uSuppuIa ⊆′ ,

)()()( uIuCoreb ⊆′ ,

εδδε <⇒<>∃>∀′ ))(),((),(.)0()0()( vIuIdvudtsc

where  [,0[: +∞→Fd denotes  a metric  defined in the 
family of all fuzzy numbers.

Definition 2.7. [13] An interval approximation operator 
satisfying in condition )(c′  for any Fvu ∈, is called the 
continuous interval approximation operator.

Nearest  Weighted  Interval of a  Fuzzy Number
Various authors in [13,16] have studied the crisp 

approximation of fuzzy sets. They proposed a rough theoretic 
definition of that crisp approximation, called the nearest 
ordinary set and nearest interval approximation of a fuzzy set. In 
this section, the researchers will propose another approximation 
called the weighted interval-value approximation. Let 

),( uuu =  be an arbitrary fuzzy number. This article will 
try to find a closed interval ],[)( RLd IIuI

w
= , which is the 

weighted interval to u  with respect to metric wd . So, this 
article has to minimize
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with respect to LI  and RI . In order to minimize wd  it 

suffices to minimize

),(),( 2
RLwRLw IIdIID =

.

It is clear that, the parameters LI  and 
RI  which minimize Eq. (3.4) must satisfy in  
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Therefore, this article has the following equations:
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The parameters LI associated with the left bound and RI  
associated with the right bound of the nearest weighted interval 
can be found by using Eq. (3.5) as follows:



27R. Saneifard / IJNES, 6 (3) : 25-29, 2012













=

=

∫

∫

.)()(

,)()(

1

0

1

0

rdrurfI

rdrurfI

L

L

(3.6)

Remark 3.1 . Since
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therefore LI  and  RI  given by (3.6), minimize ))(,( uIud
wdw  

Therefore, the interval 
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is the nearest weighted interval approximation of fuzzy number 
u  with respect to wd . Now, suppose that this article wants 
to approximate a fuzzy number by a crisp interval.  Thus the 
researchers have to use an operator 

wdI which transforms fuzzy 
numbers into family of closed intervals on the real line.

Lemma 3.1. [16]. ∫∫ ≤
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Theorem 3.1. [16]. The operator 
wdI is an interval 

approximation operator, i.e. 
wdI  is a continuous interval 

approximation operator.

Nearest  Weighted Point of a Fuzzy Number
Let ),( uuu =  be an arbitrary fuzzy number and 

],[)( RLd IIuI
w

= , be the nearest weighted interval of it. If 
RL II = , then )(],[)( uIIIuI wRLdw

== , is the nearest 
weighted point approximation to fuzzy number u , and its 
unique. )(uI w  value is as follows:

The above equation introduces in the following Theorem.

Theorem 4.1. [17]. Let ),( uuu =  be a fuzzy number 
and )(rf  be a weighted function. Then )(uI w  is nearest 
weighted point to fuzzy number u .

Theorem 4.2. [17]. The nearest weighted point 
approximation to a given fuzzy number u  is unique.

Remark 4.1. [17].Let u  and v  be two fuzzy numbers and 
λ  and µ  be positive numbers. Then we have 

Remark 4.2. If ),,,( 00 βσyxu =  be a trapezoidal 
fuzzy number, then the nearest weighted point to it is 
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Ordering of Fuzzy Numbers by the Nearest Weighted 
Point

In this section, the researchers will propose the ranking 
of fuzzy numbers associated with the nearest weighted point 
approximation. Ever, the nearest weighted point can be used as 
a crisp approximation of a fuzzy number, therefore the resulting 
approximation is used to rank the fuzzy numbers. Thus, (.)wI  
is used to rank fuzzy numbers.

Definition 5.1. Let u  and Fv∈  are two fuzzy numbers, 
and )(uI w  and )(vI w  are the nearest weighted point of 
them. Define the ranking of u  and v  by wI  on F , i.e.

(1) )()( vIuI ww <  if only if vu  ,
(2) )()( vIuI ww >  if only if vu  ,
(3) )()( vIuI ww =  
if )()( δδ vIuI ww <  then vu  ,
else  if )()( δδ vIuI ww >  then vu  ,
else vu ~ .
Via Theorem 4.1, the nearest weighted point approximation 

of the δ - vicinity u  is as follows:

( )∫ +=
1

0
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Then, this article formulates the order   and   as vu  
if and only if vu   or vu ~ , vu  if and only if vu   
or vu ~ . This article considers the following reasonable 
axioms that Wang and Kerre [20] proposed for fuzzy quantities 
ranking.

Let I  be an ordering method, S  the set of fuzzy quantities 
for which the method I  can be applied, and A  a finite subset 
of S . The statement two elements u  and v  in A  satisfy 
that u  has a higher ranking than v  when I  is applied to the 
fuzzy quantities in A  will be written as vu   by I  on A
. vu ~  by I  on A , and vu  by I  on A  are similarly 
interpreted. The following  proposition shows the reasonable 
properties of the ordering approach I . Let S  be the set of 
fuzzy quantities for which the nearest point method can be 
applied, and A  and A′ are two arbitrary finite subsets of S . 
The following axioms hold.

1A .  For Au∈ , uu  by I  on A . 
2A . For 2),( Avu ∈ , vu  and uv  by I  on A , 

we should have vu ~ .
3A . For 3),,( Awvu ∈ , vu  and wv  by I  on 

A , we should have wu .
4A . For 2),( Avu ∈ , )(sup)(inf uSuppvSupp > , we 

should have vu .
5A . Let u , v , wu +  and wv +  be elements of S . If 

vu  by I  on { }vu, , then wvwu ++  .
6A . Let u , v , wu +  and wv +  be elements of S . If 
vu   by I  on { }vu, , then wvwu ++  . 

Remark 5.1. Ranking order wI  has the axioms 
621 ,,, AAA 

Proof. The proof is similar to [17].

Remark 5.2.  If vu  , then vu −−  .
Hence, this article can infer ranking order of the images of 

the fuzzy numbers.
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Table (6.1). Comparative results of Example (6.1)

Fn New approach Sign Distance p=1 Sign Distance p=2 Chu-Tsao Cheng CV index

A 6.00 6.12 8.52 3.000 6.021 0.028

B 6.15 12.45 8.82 3.126 6.349 0.009

C 6.16 12.50 8.85 3.085 6.351 0.008

Results ABC  ABC  ABC  ACB  ABC  ACB 

Table (6.2). Comparative results of Example (6.2)

Fn Sign Distance p=2 Distance Minimization Chu and Tsao CV index Magnitude method

A 3.9157 2.5 0.74 0.32 2.16

B 3.9157 2.5 0.74 0.36 2.83

C 3.5590 2.5 0.75 0.08 2.50

Results BAC ~ BAC ~~ CBA ~ CAB  BCA 

Examples
In this section, we want compare proposed method with 

others in [1,2,5,6,7,9,11,12,18,19].

Example 6.1. First of all, this study validates their proposed 
method with representative examples of [4] with some 
advantages.

Consider the data used in [10], i.e. the three fuzzy numbers, 
)1,1,6(=A , )1,1.0,6(=B , and )1,0,6(=C . According 

to Eq. (4.10), the ranking index values are obtained i.e. 
6)( =AIw Accordingly, the ranking order of fuzzy numbers 

is ABC  . However, by Chu and Tsao’s approach [9], 
the ranking order is ACB  . Meanwhile, using CV 
index proposed [5], the ranking order is ACB  . It 
easy to see that the ranking results obtained by the existing 
approaches [5,9] are unreasonable and are not consistent with 
human intuition. On the other hand in [10], the ranking result 
is ABC  , which is the same as the one obtained by our 
approach. However, our approach is simpler in the computation 
procedure. Based on the analysis results from [10], the ranking 
results using our approach and other approaches are listed in 
Table (6.1).

Example 6.2. Consider the following sets: )3,1,2(=A
, )1,3,3(=B  and )5.0,5.0,5.2(=C . By using this 
new approach, 7.2)()( == BIAI ww  and 5.2)( =CIw

.Since )()( BIAI ww = , we have to compare )( δAIw  with 
)( δBIw , where

 

3
01

3
58)( 32 −−= δδδAIw

          

3
5

3
54)( 32 −−= δδδBIw                                                and

 Then, )()( δδ BIAI ww <  for all ]1,0[∈δ . Therefore, 
the ranking is  BAC  .To compare with some of the 
other methods in [9], the readers can refer to Table (6.2). 
Furthermore, to aforesaid example,

33.2
3
01

3
58)( 32 −++−=− δδδAIw ,

3
5

3
54)( 32 +−−=− δδδBIw  and 

5.2)( −=−CIw , consequently the ranking order of the 
images of three fuzzy number is CAB −−−   for all 

]1,0[∈δ . Clearly, this proposed method has consistency in 
ranking fuzzy numbers and their images, which could not be 
guaranteed by CV-index method. It easy to see that neither of 
them is consistent with human intuition.

All the above examples show that this method is more 
consistent with institution than the previous ranking methods.

CONCLUSION

In this paper, the authors proposed a defuzzification using 
minimizer of the weighted distance between two fuzzy numbers 
and by using this defuzzification we proposed a method for 
ranking of fuzzy numbers. Roughly, there not much difference 
in our method and theirs. The method can effectively rank 
various fuzzy numbers and their images.
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